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Introduction

Model checking is a powerful method to formal verify properties of com-
puter systems of various kinds, having more and more applications in proving
correctness of both hardware and software systems. Indeed, it plays a funda-
mental role in many fields where malfunctioning is not an option: well-known
examples involve air traffic control systems, medical technologies, telecommuni-
cations networks, and e-commerce.

Along with the increasing use of computer systems in key economic sectors
during the second half of the 1900s, ensuring their correctness became a hot
topic in computer science. Nonetheless, not much progress was done until the
beginning of the 80’s: in fact, most strategies involved hand constructed proof
(mostly using Floyd-Hoare logic). There were still no appropriate frameworks
to express concepts like mutual exclusion or deadlocks. In the late 1970’s Pnueli
found the missing link: temporal logics. In fact, given a concurrent system, by
describing the behaviour of its individual statements as a set of axioms, the
problem can be reduced to prove properties in the constructed theory. The
very last steps to get to model checking where made by Clarke, Emerson, and
Sifakis. In addition to their fundamental works on improving temporal logics
expressiveness, their great merit was to put forward the idea that instead of
verifying through a synthesis method that a formula is valid in every model,
what really matters is to explicitly show a finite model in which the formula is
not valid.

In general, model checking can be applied to a wide range of systems, like
sequential, distributed, concurrent, reactive, and more. However, it has proven
to be particularly successful for finite-state automata, expecially by using an
explicit approach. While explicit model checking is not possible while treating
with infinite state systems, new techniques like showing the existence of cutoffs
are proving themselves able to overcome this problem.

A simple yet very relevant case is the token-passing rings one, in which sev-
eral concurrent processes disposed in circle exchange information through the
clockwise passage of a token.

The thesis is divided in two parts. In the first part we analyze the problem of
finding cut-off theorems in the case of token-passing rings seen as labeled tran-
sition systems. Main results are given by the works of Emerson and Namjoshi
[1995, 2003].

In the second part we aim to transpose the problem in the SMT (Satisfi-
ability Modulo Theories) formalism using the array-based systems structure,
introduced by Ghilardi and Ranise [2010]. This new approach presents re-
markable advantages. In fact, by establishing a decidability procedure obtained
through the application of formal rules, the theory of token-passing rings can
be potentially encoded in any SMT-solver. The main result achieved in the sec-
ond part, obtained in two different ways, is the proof of the decidability of the



satisfiability problem for the fragment of the theory of arrays over finite rings
containing all the formulas of the form JyVzA. The first way consists in encod-
ing the problem into monadic second order logic of one-successor function S18S.
This approach, while being mathematically very solid, is rather weak from the
complexity viewpoint. In the second proof we sketch a step-by-step procedure,
which better adapts to the modular structure of an SMT solver, by being more
direct.

The thesis is structured as follows:

The first chapter contains the definition of Labeled Transition System and
the description of its basic operations. Moreover, a proof of the associativity for
composition is presented.

Temporal logics, a founding piece in the field of model checking, are intro-
duced in the second chapter. After a brief description of the most commonly
used temporal logics, as CTL, CTL* and LTL, a fair amount of space is reserved
for presenting indexed temporal logics, a powerful framework while dealing with
parameterized verification.

The third chapter contains the construction of the token-passing rings as
labeled transition systems plus the proof of two crucial theorems necessary to
obtain cutoff results. Stuttering bisimulation is a key concept for comparing
similar labeled transition systems (e.g. two token-passing rings having different
dimensions) between them: in fact, the valid formulas in stuttering equivalent
systems are closely related, as proved in Thm 3.1. The other essential result is
the Reduction theorem, which provides the construction of a stuttering equiva-
lence between quotients of token-passing rings having different dimension.

In the fourth chapter the parameterized model checking problem is presented
and several cutoffs theorems are proved. Furthermore, a brief overview of the
state-of-the-art of parameterized verification is given, summarizing the most
relevant decidability and undecidability results for richer topologies than the
unidirectional rings one. Finally, we show how token-passing rings find applica-
tions in several important real-world scenarios.

In the fifth chapter we present some logic preliminaries and introduce the
central notions of array-based system and backward reachability. First, we de-
fine the theory of arrays: a three-sorted theory, defined over a (mono-sorted)
index theory and a (multi-sorted) element theory. Then we formally describe
token-passing rings as array-based systems: the element theory is a theory hav-
ing two enumerated sorts, and the index theory is the theory of finite rings.
Being not locally finite, this index theory leads to a particularly interesting
case. In fact, the correctness of the backward reachability algorithm requires
the decidability of the fragment 3*V* of the theory of arrays. While this result
can be easily obtained having a locally finite index theory, for our case we need
to explore new paths. The next chapters are dedicated to proving the decid-
ability of the fragment 3*V* in two different ways.

The first proof is based on encoding the theory into the monadic second



order logic (MSOL) of one-successor function S1S. By doing so, we reduce to
the decidability of S1S, which is a well-known result. In particular, this decision
procedure involves associating to a S1S formula a Biichi automaton and then
checking whether its language is not empty. However, finding this Biichi au-
tomaton can be potentially very bad computationally speaking, especially when
having to construct complements. This leads us to try for a more direct proof,
treated in the last two chapters.

In the seventh chapter we deal with the theory of finite rings without arrays.
First, we provide a decision procedure for the satisfiability problem of finite sets
of literals. Then we show a procedure to construct an equisatisfiable quantifier
free formula from a formula with quantifiers, which leads to the decidability in
the general case for the 3*V*-fragment.

In chapter eight we propose a decidability proof for the 3*V*-fragment of
the theory of arrays over finite rings, which is based on the application of for-
mal transformation rules. First, we show a proof for the case with no universal
quantifiers, similarly to what did in chapter seven. Then we see how to deal
with a single universal quantifier, first in the case without constants and then
in the one with constants. Finally, we sketch a proof for the general case (this
proof must be seen as a work-in-progress). The underlying idea of is to use the
mosaic method. The mosaic method consists in showing that the existence of a
model is tied with the existence of mosaics (that can be thought as small po-
tential pieces of model) well linked between each other. Indeed, we manipulate
the starting formula to show either a set of mosaics from which a real model
can be constructed, or that the formula is unsatisfiable.
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Part I
Token-Passing Rings as Labeled
Transition Systems

1 Labeled Transition Systems (LTS)

1.1 Definition

Definition 1.1 (LTS). A Labeled Transition System (LTS) A is a 6-tuple
(@Q,%,6,\, L, I) where

e () is a non-empty set of states

Y is an alphabet of transitions (called also actions) which contains a special
symbol T (called the silent action)

0 S Q x X xQ is a transition relation such that Yq € Q (q,7,q9) € §

e L is a non-empty set of labels of the form 24F

propositions

, where AP is a set of atomic

e \:Q— P(L) is a labelling function
o [ € Q is a set of initial states.

We write s > 4 t instead of (s, a,t) € §, and s — 4 t instead of (Ja € A : (s,a,t) € §).
Moreover, A can be dropped when it is clear which LTS we are referring to.

Definition 1.2 (Path). A path p on an LTS A is a pair (o, o) where: o is a
sequence of states (sg, s1,...), & is a sequence of actions (ag,ay,...), |o| = |a|+1,
and, Vi < |o|, s;i <> sit1.

The lenght of a path p = (0, ) is defined as |p| := |o|.

Definition 1.3 (Fullpath). A path p is said to be a fullpath iff either it is infinite
(Ip] = ), or its last state s, is terminal (that is, for alla € ¥ s.t a # 7, and

forall ge Q, (sn,a,q) ¢46).

Definition 1.4 (Execution). A path p is an execution (or computation) iff it
is a fullpath and its first state sg is an initial state (so € I).
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Definition 1.5 (Isomorphism of LTS). Two LTS A and B are said isomorphic
iff all the following conditions are satisfied at the same time:

1. There is a bijection fo: Qa — Qp s.t. fo(la) =Ip
2. There is a bijection fx: X4 — X s.t. fu(74) =78

3. Forall q,¢' € Qa and for allae Xa: g 54 ¢ iff fo(q) fz_@)B fo(d)

4. There is a bijection fr, : La — Lp s.t. fr(Aa(q)) = Aa(fo(q)) for all
q€Q.
1.2 Composition

Given two LTS A = (QA,EA,(SA,)\A,LA,IA) and B = (QB,EB,(SB,/\B,LB,IB),
and a bijective partial function T': X 4\{7a} — Xp\{7B}, it is possible to define
the composed LTS A||rB (also noted AB when T' is clear, with an abuse of
notation).

In order to do that let’s first introduce some notation:

o X7, :=Xa\dom(T)\{ra} (actions internal on A)
o X, :=¥p\Im(D)\{rp} (actions internal on B)

e YL :={(a,b) e Dax¥p : ['(a) = b} i.e. Xr is the graph of T (synchronized
actions)

Note that all the sets are defined with respect to I'.

Definition 1.6. Given two LTS A, B, and a bijective partial function
I': ZA\{T} = ZB\{T}, the composed LTSAH[*B = (QAB, EAB, 5,4]3, >\AB7LAB, IAB)
is defined as:

e Qap=QaxUp
o up =37 LY L SL L {7as)

Sap is defined by: (s,t) > ap (u,v) holds iff one of the following holds:

(a) ceSy A sSau A t=v
(b)ceElfB As=u A tSpu

(c) c=(a,b)e 5 A sHau A tBpov
(d) c=Tap AN sau A t-Spw
Lap=LallLp

Aag(s,t) = da(s) | AB(t)

IAB:IAXIB

12



1.2.1 Associativity

Proposition 1. Let A, B and C be three LTS, and let A||r,B and B||r,C be
two compositions. If Im(I'1) N dom(T'y) = & then (A||r, B)||r,C is isomorphic
0 Allr, (Bllr,C).

Proof. Let’s use the abbreviation (AB)C for (Al|r, B)||r,C and A(BC) for
A||F1(B||F20)

e The compositions are well-defined: It is not obvious that we can write
(Al|r, B)||r,C, since the domain of T’y is a subset of ¥p\{75} and not a
subset of ¥ 4p\{7ap} as it should be.
Remember that Sap\{Tap} = £;' |] 2]} || S5, where £}! = Sp\Im(I'1)\{r5}.
By hypothesis, Im(T'1)ndom(T'y) = ¢, hence dom(T's) < 25; < Ya\{TaB}-
This means it is possible to see I'y as a partial function with domain in
Y as\{TaB}, therefore the first composition is well defined.
A similar reasoning can be done for the other composition, showing that
T’y is well defined as a partial function with image in B||r,C

e A bijection for the sets of states (Q and I) arise naturally by the asso-
ciativity of the cartesian product. In fact, as bijection we can take the
identity. Thus condition 1. of the definition of isomorphism is satisfied.

e A bijection for the sets of labels (L) arise naturally by the associativity of
the disjoint union: again, we can take the identity. Trivially, condition 4.
is satisfied.

e In order to show that there is a trivial bijection for the sets of actions (%),
therefore proving condition 2., some annoying calculations are needed, but
it is just about applying the definitions given.

Same =212, L] 202 L =5 | {rasc} (1)
S52 =%ap \ dom(T'2) \ {Tap}

= (L= L= L tras)) \ dom(Ts) \ {ras})
=3t || &5 \dom(T2)) | | =% )

= =0 || (S5 \ Im(T') \ {r5}) \ dom(T)] | | S5

=371 | ] (Z \ Im(Ty) \ dom(T'2) \ {r5}) | | =5

Substituting the last member of (2) in the right side of (1) we get:

Sameo =21 || (S5 \ Im(T1) \ dom(T'2) \ {75})

L= L] = L 29 L {raset

13



Let’s do the same for (AB)C:

Sae) =St |_| s |_| oy |_| {TaBO)} (4)
Sii. =3pe \ Im(T1) \ {rac}

= 2=z L= | e \ Im(T) \ {7Bc})

= (B2 Im(m)) | | =2 | 2% (5)
= [(%p \dom(I'2) \ {rp}) \ Im(T1)] | | =72 | | =¥
= (25 \ Im(y) \dom(T2) \ {r5}) | | =72 | | =¥

Substituting the last member of (5) in the right side of (4) we get:

Saey =211 || (Bp \ Im(T'y) \dom(T'2) \ {75})
L] =2 L= L] =% L] {rawe)}

Identifying 74(pcy With T(ap)c, and up to reordering, the RHS of (3) is
equal to the RHS of (6): ¥(ap)c = La(pc) (thus is legit to write ¥ apc).
It remains to show that these bijetions satisfy condition 3.

(6)

e Again, the proof is a bit long but there is no difficult concepts beyond it,
it is all about applying the definitions.

Suppose d € Yapc: we have to prove that (s,¢,u) i(AB)C (v,w, z) iff
(s, t,u) i>A(BC) (v,w, z), for all (s,t,u) € Qapc and (v,w,2) € Qapc-
Let’s procede by case:
—de Zi: (s,t,u) i’(AB)O (v,w, z)
iff (s,1) 5 (v,w) A u=z2
iff(simv ANt=w) A u=z
iff s Syo A (t,u) = (w, 2)

. d
iff (s,t,u) = Aoy (v,w,2)

—de E?é: (s,t,u) i’(AB)C (v,w, z)
iff (s,t) = (v,w) A ubez
iff s=v A t=w A uicz)
iff s=v A (t,u) LN (w,z)

. d
iff (57t7u) —A(BC) (U7w7 Z)

—de (Zp\ Im(T'y) \dom(T'2) \ {}): (s,t,u) S(amyc (v,w,2)

iff (s,t) LS (v,w)) A u=z

14



iff (s=v A tiBw) A U=2Z
iff s=v A (ti»BVCw A U= 2)
iff s=v A ((t,u) L. (w, 2))
iff (s,t,u) iA(BC) (v,w, z)

d= (a’v b) € Zgl: (s,t,u) M(AB)C ('U, w, Z)

iff (s,t) MAB (v,w) A u=z
. a b
iff s >4v Atopw A u==z
iff s Sav A ((tu) i>BC (w, 2))
iff (s,t,u) ﬂ>A(BC) (v,w, z)

— s, (b,c)
d= (bvc) € 2S . (s,t,u) — (AB)C (’U,'LU,Z)
iff (s,t) LA (v,w) A uScz
. b c
iffs=v At>pw A u—¢c 2
iff s=v A ((t,u) (b—’c)ngc (w, 2))

iff (S7tau) MA(BC) (va7 Z)

d=Tapc: (s,t,u) TA—BC>(AB)C (v, w, 2)
iff (s,t) 2245 (v,w) A u—S5¢ 2
ifs ™ v A tBpw A uez
iff s a0 A ((tu) 2Spe (w,2))

iff (Sa t, u) 7—A—BC)A(BC') (’U, w, Z)

15



1.3 Projection and silent action

Definition 1.7. Given a LTS of the form C = Al||rB, its projection on A is
the LTS Cla = (Q,%,0, A, L, I) where

* Q=Qc
e Y =23,
§ is defined by: s %t holds iff one of the following holds:

(a) aeX] A sSct

(b) a€dom(T) A PRGLACHN

(¢c)a=7a n (Bce(S], U{rap}) s >ct)

ct

o L=1L,
o A(s) = (Ac(s))|La
o [ =1¢

The only relevant changes happening are that the internal actions of B are being
compressed into the silent action T, and the labels not in A vanish. Synchronized
actions are not compressed into T.

Note: dealing with an associative composition of LTS of the form
C=A41|Ir, A2 |y - |Ir,_, An, given a set of indices I = {i1, ..., im} S [n] it
is possible to project C' on the processes indexed by elements in I. Indeed, this
sort of "group projection” is nothing but the result of the application step by
step of the single projections on A4;,, 4;,, ... , A;, . Briefly, by C|; we indicate
(((Cla;,)lai,)-+)]a,,, - Doing so without worries is possible only thanks to the
associativity of the composition.

This kind of operation will play an important role while studying token
passing rings. Indeed, in token passing rings it is really useful to project Ring,
on a subset I of the set of the indices: in such case, we project Ring, onto the
processes indexed by the elements of I (see chapter 3 for the details).
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2 Temporal Logics
2.1 CTL*

Syntax. The temporal logic CT L* has two types of formulas: state formulas
and path formulas. These formulas are defined over a set of atomic propositions

AP as follows:
S1) If P is an atomic proposition, then P is a state formula.
S2) If f is a state formula, then —f is a state formula.

S3) If f and g are state formulas, then f A g is a state formula.

)
)
)
S4) If f is a path formula, then Ef is a state formula (E stands for ”exists a
future such that”).

S5) If f is a path formula, then Af is a state formula (A stands for ”for all

the futures”).
P1) If f is a state formula, then f is also a path formula.
P2) If f is a path formula, then —f is a path formula.

P3) If f and g are path formulas, then f A g is a path formula.

)
)
)
P4) If f and g are path formulas, then f U, g is a path formula (U, stands
for "weak until”).

P5) If f is a path formula, then X f is a path formula (X, stands for ”strong
next time”).

It can be useful to introduce some derived operators as abbreviations, in
order to improve the readability of a formula. We can define the usual logic
connectors:

fvg = ~(=fr-g)
-f—m9=~fvyg
~feg=fogrgof

and some new symbols:
- Gf = f U, false (G stands for ”globally”, or ”always”)
- Ff = —(G—f) (F stands for "eventually in the future”)
- fUsg = (f Uy g) A Fg (U stands for ”strong until”)

- Xof = —(Xs—f) (X, stands for ”weak next time”)

17



Semantics. Now we procede to define the semantics of the formulas con-
structed above, with respect to an LTS A = (Q, X, d, A, 247 1).

For a state formula f, we write A, s |= f (or just s = f when A is clear), to
mean that the state formula f is true in A at the state s.

For a path formula f, we write A,p |= f (or just p = f when A is clear) to
mean that the path formula f is ¢true in A w.r.t the fullpath p.

The notion of truth is inductively defined as follows:

S1): skE=Piff Pe A(s)

S2): sk —fiffnot s = f

S3): sEfagiffsEfandskEg

S4): s = Ef iff there exists a fullpath p starting at s such that p = f
S5): s = Af iff for every fullpath p starting at s, it holds that p = f

Pl): plE fiff s |= f, where s is the first state of p

P2): pE —fiffnotp = f

P3): pEfnrgiffpEfandplg

P4): pl f U, giff for all ¢ < |p|, either exists j < ¢ such that s; g,

ors; = f
P5): p k= X, f iff the second state of the path s; exists and s1 = f

Note: it is not necessary to include A among the primitive operators. In-
deed, it could be defined as an abbreviation: Af = —E—f, observing that this
abbreviation is consistent with the notions of truth S4 and S5 defined above.
However, including it among the primitive operators brings the remarkable ad-
vantage that it is way easier to define CTL as a sublanguage of CTL* (see
subsection below).

Now, one should note that the actions labeling does not play any role in
the semantics of CTL* formulas. In fact, the description of CTL* formulas
presented above suits as well unlabeled transition systems. It is therefore pos-
sible to enrich our logic by adding, for every action a, a new operator X¢:

P5a) If f is a path formula and « is an action, then X2 f is a path formula.

This new temporal logic is called CTLY, and its semantics is an extension of
the CTL* one with the addition of:

P5a): p = X2 f iff there exists ¢ < |p| such that for every j < i, the j-th action
is a; = 7, and the state s;41 exists and s;41 = f

18



2.2 Computational Tree Logic

CTL* takes its name from CTL (Computational Tree Logic), of which it is
an extension. In fact, CT'L can be defined as a fragment of CTL* by replacing
P1 — P5 with:

]54) If f and g are state formulas, then f U, g is a path formula
]55) If f is a state formula, then X, f is a path formula

The language C'T'L can be defined as the set of formulas generated by S1— 55,
P4, P5.
Proposition 2. CTL is a sublanguage of CTL*.

Proof. First, note that every state formula of CTL is in CTL*, since the rules
S1 — S5 are shared by both the languages.

Every CTL-formula generated by P4 is in CTL*: if f is a CT L-state for-
mula, it is also a CT L*-state formula. By P1, it is a CT' L*-path formula, and
by P4, f U, f is a CTL*-path formula.

The same argument can be made for formulas generated by P5. O

2.3 Linear Temporal Logic

An important fragment of CTL* is LTL (Linear Temporal Logic). Tt con-
sists of all the CTL* formulas of the form Af, where A is the universal path
quantifier and f is a CTL* formula not containing any path quantifier £ or A.
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2.4 Indexed Temporal Logics

The idea of indexed temporal logics was introduced by Browne, Clarke, and
Grumberg in 1989 [3], with the aim to provide a convenient temporal logic for
concurrent systems. In fact, adding the possibility to quantify over indices is a
good strategy to improve the expressiveness of the temporal logic we are working
on (be it CTL*, LTL, or others).

For example, without index quantifiers, in order to express the property
“there is a process in a critical section” for a system with n processes, one
should write \/ critical;. Since this formula is parameterized by n, one should

i€[n]
write different formulas for similar systems with a different number of processes.
By allowing to quantify over indices, the same property can be expressed for
similar systems by the formula 3¢ : critical;. Of course, the semantics will be
different from system to system, but having the same syntax will be very useful.

We give below a definition of indexed CTL* (also called ICTL*), from which
it is possible to obtain ILTL or ICTL as fragments.

In the following, by I we indicate an infinite set of index variables. The
semantics will be defined over a colored graph, consisting of a set of vertices V,
a set of edges £ € V x V, and a function type : V — Typeﬂ If |[type(V)| = d,
we say that the graph is a d-colored graph, and could use [d] instead of Type.
By i € £(j) we mean (i,7) € €.

A range expression r is an expression that can have one of the following forms:

a) neqiy, ..., i)
b) i€ &(j)
) type(i) =t
)

o

d) true

The formulas are defined over a set of atomic propositions AP.

Syntax:

I-S1) If P is an atomic proposition and ¢ € I, then P; is a state formula.

S2) If f is a state formula, then —f is a state formula.

S3) If f and g are state formulas, then f A g is a state formula.

)
)
)
)

S4) If f is a path formula, then Ef is a state formula.

S5) If f is a path formula, then Af is a state formula.

Here, by Type we indicate the set of colors in the common language of graphs.
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I-S6) If f is a state formula and r is a range expression, then Vi : r : f is a state
formula.

I-S7) If f is a state formula and r is a range expression, then 3 : r : f is a state
formula.

g
—

If f is a state formula, then f is also a path formula.

g
[\

If f is a path formula, then —f is a path formula.

o)
w

If f and g are path formulas, then f A g is a path formula.

g
(N

If f and g are path formulas, then f U, g is a path formula.

g
(¥4

If f is a path formula, then X f is a path formula.

I-P6) If f is a path formula and r is a range expression, then Vi : r : f is a path

formula.

I-P7) If f is a path formula and r is a range expression, then 3i : r : f is a path
formula.

When r = true, instead of (Vi : r: f) we will write (Vi : f), and instead of
(Fi:r: f) we will write (3i: f)

Semantics. Now we define the semantics of the formulas constructed above,
interpreted over a composed LTS A = T || ... ||Tk, having associated a graph
G = (V, &, type) defined as:

-V =A1..,k}
- type(i) = type(y) iff T; is isomorphic to T}
- (i,7) € € iff ¥4 contains a synchronized action between T; and T;.

and over a valuation e : I — V.
A valuation e is said to satisfy the range expression r iff:

1. r = neq(iy,...im) and e(i1), ..., e(in,) are pairwise distinct

2. r = type(i) =t and type(e(i)) =t

©w
5
I

= i &) and (e(i), () € £.
4. r = true

Moreover, a valuation e is said an i-variant of a valuation €’ iff e(j) = €'(j) for
all j € I\{i}.

For an A-state s = (s1,...,8;) or a path p, the notions of truth A,s,e = f
and A, p,e |= f are defined inductively by (A can be dropped when it is clear):
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1-S1):

v W
= W
_ D D D D O -

I-S6

I-S7):

g
—

< T
w N
z =2 =2 =

g
NG

I-S6):
I-S7):

s,e = P iff P e A, (ses))

s,e = —f iff not s,e = f

s,e=fargiff s,el=fand s,ef=g

s,e = Ef iff there exists a fullpath p starting at s such that p,e = f
s,e = Af iff for every fullpath p starting at s, it holds that p,e = f

s,e =Vi:r: fiff for every i-variant e that satisfies r, it holds s, e’ = f

s,e = 3i : r: f iff there exists an i-variant €' that satisfies r such that
s,€' = f holds

p,e = f iff sg,e = f, where s is the first state of p
pre b= —f iffnot p,e = f
pelEfagiffpelfandpet=g

p,e = f U, g iff for all k < |p|, either exists &’ < k such that s;,e =g,
or sg,ef=f

p,e = X, f iff the second state of the path s; exists and s1,e = f
p,e =Vi:r: fiff for every i-variant €' that satisfies r, it holds p, e’ = f

p,e = 3i: r: f iff there exists an i-variant ¢’ that satisfies r such that
p,€e' = f holds

Let’s define A, s = f if for all valuations e : I — V it holds that A, s,e = f,
and A,p = f if for all valuations e : I — V it holds that A,p,e = f. Finally,
define:

A = f iff for every initial state s of A, it holds that A, s = f

Let’s now introduce some terminology. An index variable ¢ and an atom P;

are said to be bound if they are in the scope of an index quantifier Vi : r or

di :

r. A formula is a sentence if every atom in it is bound. With f(iq,...ix)

we indicate a formula in which 41, ..., i are not bound (they are also said to be

free).

Moreover, for c1,...,c, € V, we write A, s = f(c1,...,cg) if for every valua-

tion e that maps ¢; to ¢; (for j = 1,..., k) it holds that A,s,e = f(i1, ..., i)

As done with CTL*, it is possible to introduce the operator X¢ by adding

P5a) as in the chapter 2.1, with an analogue interpretation.
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3 Token passing rings as LTS

3.1 Definition of token passing ring

A token passing ring (TPR) consists of n isomorphic LTS K, arranged in
an unidirectional ring Ring, (to be properly defined). Each K; is constructed
from a process template P, i.e. each K; is an isomorphic copy of an LTS P, and
every state, every transition and every label of K; is indexed by 1.

More specifically, we require P to be a token-passing process template, i.e.
it satisfies the following properties:

e The set of the states Qp is partitioned into two non empty sets 7" and N.
The states in T are said to have the token, while the states in NV are said
not to have the token.

e Every initial state does not have the token. That is, Ip € N.

e P has three types of actions: the ”sending the token” action snd, the
"receiving the token” action rcv, and some internal actions X!. That is,
Yp = {snd,rcv} U XL

e Every transition of the form ¢ snd, p ¢ requires that ¢ has the token and
¢’ has not.

e Every transition of the form ¢ ——p ¢’ requires that ¢ does not have the
token and ¢’ does.

e Every transition of the form ¢ % p ¢ for a € ! requires that either both
g and ¢’ have the token, or neither of them does.

Given a process template P that satisfies these conditions, we want to define
the token passing ring as a composition of the form Ring,, := Ko||K1||...|]|Kn—1||Dn,
where each K is a process (constructed from the same process template P and
indexed by @), D,, is the initial token distribution process that at the very be-
ginning synchronizes with a non-deterministically chosen K; to pass it the token
(then does nothing), and each composition K;||K;+1 synchronizes the K;-action
snd; with the K, i-action rcv;41.

In order to formally define Ring,,, we have to be a little pedantic. The idea is
the following: compose the first n — 1 processes in order to obtain a path graph,
then compose the last process attaching it to the two extremities (obtaining a
ring graph), and finally compose the initial token distribution process with the
ring. In detail:

o Let’s first define R’ := Ko||r, K1||r,---|Ir,_s Kn—2, where I'; = {(snd;, rcvi+1)}
for 0 < i <n—3. Since Im(T;) ndom(T;41) = & for all i <n — 3, as-
sociativity holds, hence the definition is well posed. Informally, we could
describe R’ as the path graph composed by the first n — 1 processes.
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e Now we have to attach the n-th process to the two extremities of the string
to form a ring, so let’s define R” := R'||r, ,K,_1, where
Ty—o = {(sndp—2,rcvn_1), (sndnp_1,7cv9)}.

e At this point we have the ring we were looking for, except for the fact that
no process holds the token, which has to be assigned non deterministically
by a distribution process D,, at the very beginning.

e So let’s define formally D,, = (Qp,Xp,dp,A\p, Lp,Ip), where:

- Qp = {init, end}.

- Xp = {init_sndy, init_sndy, ...,init_snd,_1, T}.

- Ip = {init}.

-0p ={(¢,7,q9) : q€ Qp} u ({init} x {init_snd; : i€ I} x {end}).
That is, from every initial state, the process can either do nothing,

or execute a token sending action and then terminate.
— Lp = {0,1} (this can be seen as a flag)

~ {0}, if g =init
~ Aole) = {{1}, if g=-end

o At last, let’s define Ringy, := R"||r, Dy, where I'p = {(rcv;, init_snd,;) :
0 < i < n—1}. At this point, we have constructed Ring, with the ar-
ticulated form Ring, = ((Ko||r,K1llr,--lIr,_s Kn—2)llr, o Kn-1)llrp D,
which is completely formal.

For brevity, let’s write M, instead of Ring,. Given an index set J < [n]
let’s write M, ; to indicate the projection over the processes indexed by J (note
that D,, is not included among these processes).

It could be useful to write down a brief and informal description of M,
and of M, ;:

An initial state of M, is a (n+1)-uple of the form (qo, ..., gn—1, init) where
every ¢; is an initial local state of the process K; (¢; € Ik, ), and init is the initial
state of D,,. Note that it is not said that the first action of M,, has to be the
token assignment. In fact, it could be any legal internal action of every process.
It is possible to require the first action to be the token assignment by imposing
conditions on the admissible executions, but since the theoretic results are not
affected by the possibility of a non-token assignment first action, it is preferable
to treat with the more general case.

Let’s now consider the structure of M, ;. The states of M, ; are the same
of M,,. What really changes are the actions and the labels. Indeed, an action
of M, ; can be:

e An internal action of a process K; (j € J).

o A token passing action between two processes K; and K1 (with j,j+1€
J). This type of actions has the form (snd;, rcv,41).
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o A token passing action between two processes K; and K1 where either j
or j+1 are in J, but not both. Looking at the definition of projection, this
type of actions can have the form snd; (if j € J) or revj4q (if j+ 1€ J).
However, it can be a little pedantic to distinguish between these two forms
even when the only real change is the name, so we will always use the form
(sndj, rcvjpr).

e A token passing action between two processes K; and Kj,i such that
neither j nor j + 1 is in J. This type of actions are 7-actions.

e An initial token distribution from D, to K; (j € J). Looking at the
definition of projection, this type of actions has the form rcv;, but we will
accept also the form (init_snd;, rcv;) for simplicity.

e Initial token distribution from D,, to K; (j ¢ J). These actions are 7-
actions.

3.2 Fairness conditions

Working with token passing rings, we are interested in considering only fair
executions, i.e. executions where every process receive and then send the token
infinitely often.

There are two ways to do that. The first one is requiring that the structure
of the process template P is such that it ensures that the process will eventually
pass the token. That can be done for example setting a maximum time after
which the process forces itself to pass the token. If the process template has a
finite number of states, it is possible to check with a model-checker that every
execution of the token-passing ring is fair.

The second and more formal way is to use fairness constraints.

Definition 3.1 (Fairness constraint). Given a LTS A, a fairness constraint is
a finite set F' = {S1, ..., Sk} whose elements are sets of A-states.

A path (so 25 51 2 ...) is said to be fair with respect to F iff for every
j =1,...,k there are infinite i € N such that s; € S;.

In particular, we can redefine the notion of truth for a CTL* formula f in a
state s with respect to F' (s E=p f):

S1
2) sEp—fif sE—f
S3) sErp fagiffskEfag

) sEpPiffsEP
)
)
S4) s =p Ef iff there exists a fair path p starting at s such that p = f
)
)

w2

Pl) pEr fiffplf
P2) plrp—fiffp=—f
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P3) plrfrgiffplEfag
P4) p =r X, f iff the second state of the path sy exists and s; =g f

P5) p Er f Uy g iff for all ¢ < |p], either exists j < i such that s; F=r g,
or s; =p f

In general, note that the only meaningful change in the semantics is when an
existential path quantifier is involved. If one wants to consider a richer temporal
logic like CTLY, ICTL* or ICTLY, the redefinition of the semantics for the
new formulas is intuitively similar to the one done above.

It is now possible to define a fairness constraint for token passing rings.
Remember that, given a process template P, we indicate with T the set of the
P-states containing the token, and with N the set of the P-states that do not
contain the token. For every process K;, the two sets are denoted by T; and ;.

Let’s write TZ to indicate the set of the M, -states such that the local state
of the process K; is in T}. Symmetrically, let’s write N; to indicate the set of
the M, -states such that the local state of the process K; is in N;.

It is clear that the fairness constraint that restricts the executions to the
ones where every process receives the token infinitely often is F' = {11, ..., Tp,}.

In the following, we will always work with the notion of truth with respect
to F. With an abuse of notation the F in = will be dropped.
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3.3 Stuttering bisimulation

The idea behind the definition of stuttering bisimulation is to have a tool
which enables us to compare different instances of similar systems (ex.: two
token passing rings of different sizes) which is indifferent to ”stuttering” be-
haviours (like repetitions of states, or actions irrelevant for the purposes of our
investigation). To do that we first introduce the concept of stuttering sequence
on a LTS: informally, it is a path in which there are no meaningful changes
except after the final transition (i.e. in every sequence there is only one relevant
change, and it has to be at the end of it).

Definition 3.2 (Stuttering sequence). A stuttering sequence on a LTS A is a
path p = (o, ) starting at a state sg s.t.:

1. Every transition (except the final one, if the path is finite) is a T-action

2. Ewvery state s; on the path (except possibly the final one) is s.t. Aa(sg) =
)\A(Si)

Explicitly, a path p = (0,) is a stuttering sequence iff for all i € N s.t.
0<i<|af—1wehave a; =T, ajqj—1 # 7, and Aa(s0) = Aa(si).

The set of stuttering sequences starting at state s and having a as final
transition is denoted by Stutter(s, a). For the set of infinite stuttering sequences
starting at state s, we write Stutter(s, Inf).

Definition 3.3 (Stuttering Bisimulation). Given two LTS A and B, and a
relation R on Q| |Qp having associated two bijective functions hy, : Ly — Lp
and hy, : ¥4 — Xp (which map propositions and actions, respectively), we say
that R is a stuttering bisimulation iff:

1. Ewvery initial state of A is in relation with an initial state of B, and vice-
versa

2. For everyse Q4 andte Qp, s Rt implies that:
(a) hp(Aa(s)) = Ap(t)

(b) For every non-silent action a and for every path p € Stutter(s,a),
there is a path q € Stutter(t, hx(a)) such that p matches q by R.

(¢) For every path p € Stutter(s, Inf), there is a path q € Stutter(t, Inf)
such that p matches q by R.

We say that two paths p and g match iff they can be partitioned into an
equal number of non-empty finite segments (p(*), ..., p(™)) and (¢V, ..., ¢™) s.t.
every state of p(¥) is related to every state of ¢, for all i = 1, ..., m.

If there is a stuttering bisimulation between A and B, they are said to be stut-
tering equivalent (A ~ B).
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Stuttering equivalence is a powerful property. In fact, it gives a correspon-
dence between valid formulas of two stuttering equivalent LTS.

First, note that, given two composed LTS of the form A =Ty || ... || and
B =Uy || ... ||Ui, where T; ~ U; (for every i € [k] and for every j € [I]), and a
bijective partial function h : [k] — [{], it possible to obtain two induced func-
tions hy : ¥4 — Xp and hy : L4 — Lp by applying h to every index in every
actions and in every labels. Moreover, for any formula f € ICTLE\X, let h(f)
be the formula obtained by replacing every occurrence of each proposition P; by
Py(;y and every occurrence of every action a by hx(a). We have the following
results:

Theorem 3.1. Given two composed LTS of the form A = Ty || ... ||Tk and
B =U || ... ||Ui, where T; ~ U;j (for every i € [k] and for every j € [l]), let
R be a stuttering bisimulation between them, with associated bijective functions
hAP and h* constructed from a bijective partial function h : [k] — [I]. Then,
for every s € Qa andt e Qp such that s R t, for every ICTLE\X state formula
f and for every valuation e it holds that

A,s e b= [ iff B,t,e = h(f) (*)

and, for every matching paths p starting at s and q starting at t, for every
ICTLE\X path formula " and for every valuation e it holds that

A,pel= f iff B,g,e = h(f) (**)

Proof. Let’s prove it by mutual induction on formulas of ICTLE\X.

Let’s first show the base case: let P € AP. Then:
A7 87 € ': ‘Pl
<= (by definition)
Pe )\Ti (Se(i))
<= (condition 2.a of the definition of stuttering bisimulation)
Pe hL<>‘T@(Se(z)))
<= (definition)
Pe )\Uh(q‘,) (te(h(i)))
<= (by definition)
B,t,e = Presy)
<= (by definition)
B,t,e = h(F)
Now we prove inductively that, by applying any rule that produce a state
formula starting from state formulas satisfying (*), the produced state formula
still satisfies (*).

The conjunction case and the negative case are trivial.

Suppose f =Vi:r:g, where r is a range expression. Then:
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Ays,el=Viir:g
<= (by definition)
A, s, e |= g for every i-variant €’ of e that satisfies r
<= (inductive hypothesis for each i-variant e’ of e satisfying r)
B,t,e¢ |= h(g) for every i-variant e’ of e that satisfies h(r)
<= (by definition)
B,t,e|=VYi: h(r): h(g)
<= (by definition)
Byte = h(f)

The case where f = 3i:r: g is analogous.

The proofs for path formulas formed as conjunction, negation, and index
quantifiers on other path formulas follow directly from the proofs above and
from the definition of the semantics for path formulas.

For the case where f is a path formula of the form XZg.:
A,pel= Xig
<= (by definition)
Ji s.t., for every j <4, aj =7,a;, =aand A,s,41,e =g
<= (p and q match)
Al s.t., for every k <1, by =7, by = h*¥(a) and A, ty,1,¢e = h(g)
<= (by definition)
B.g.e |- X! “n(g)
<= (by definition)
B, q,e = h(X{g)

For the case where f is a path formula of the form go U ¢;:
ApelEg U a
<= (by definition)
Jist. Asi,el=g1 A (Vjst j<i,A sjel=go)
<= (p and q match)
3k s.t. Bytg,e = h(g1) A (VI sl < k,B,t;,e = h(go))
<= (by definition)
B, q.e = h(go) U h(g1)
<= (by definition)
B7q7€ ': h(go U 91)

It remains to show that, by constructing a state formula from a path formula
that satisfies (**), the state formula obtained statisfies (*), and vice-versa. Let’s
procede by cases.

A path formula formed from a state formula can be obtained only by the
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rule P1), and it is the very same state formula. This case is trivial.

Suppose f is a state formula of the form Fg, where g is a path formula.
A s,e = Eg
<= (by definition)
3 p fair fullpath starting at s s.t. A,p,e =g
<= (claim, proved below)
3 ¢ fair fullpath starting at ¢ s.t. B, q,e = h(g)
<= (by definition)
B.t,e = Eh(g)
<= (by definition)
B,t,e = h(f)

Proof of the claim. Suppose there exists a fullpath p starting at s such
that A,p,e = g. The idea is to decompose this fullpath in a sequence of stut-
tering sequences {po,P1, ..., Pn, ...} (note that it can be a finite sequence). We
then proceed by recursion: by hypothesis, pg € Stutter(s,a), and by point 2 (b
or ¢) of the definition of stuttering bisimulation, there is a stuttering sequence
qo € Stutter(t, hx(a)) such that pp and go match. The matching of py and gg also
implies that their last states, let’s call them s; and ¢; respectively, are related
by R. We can apply again point 2 of the definition of stuttering bisimulation
to p1 and so on, obtaining a sequence of stuttering sequences {qo, q1, ..., Gn, --- }
such that each g; matches with p;. It is straightforward to see that this means
that the path g, obtained by concatenating the pahts {qo, q1, ..., ¢n, ...}, matches
with p. By inductive hypothesis, we got the double implication.

The case where f has the form Ag follows by the remark that Ag is equiva-
lent to —FE—g, so it is sufficient to apply the inductive hypothesis.
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3.4 The Reduction Theorem

The Reduction Theorem is the key result to prove the existence of cut-offs,
because it permits to construct a stuttering bisimulation between quotients of
TPRs of different sizes. The theorem was proven by Emerson and Namjoshi
in [6] using block bisimulation. Here we present a proof that uses stuttering
bisimulation instead of block bisimulation.

Definition 3.4. (Intervals on a ring) [i : j], denotes the set of indices on the
clockwise segment of a ring of size n starting from i and ending in j.
[i:g)n = [i: j1n\{G}, (il = [i: jla\{i} and (i:j)n = [i: jl\{i, 5} If

i =7, by convention [i,i] = [n] and [i,1) = (i,i] = (4,4) = [n]\{3}.

Theorem 3.2 (Reduction). For I < [n] and J < [k] sets of indices, let h :
I — J be a bijection s.t. Yi,jeI:

1. i < jiff h(i) < h(j) (where < is the usual relation on N)E|
2. (it j)n # @ iff (h(i) : h(j))k # @
Then M, |; and My|, are stuttering equivalent.

Proof. For brevity, let’s call A := M,|, and B := My|,. In order to prove the
theorem, we define a relation R on Q4 | | @p and two bijective functions hy and
hr, and prove it is a stuttering bisimulation.

First note that all the actions in A have index in I and all the actions in B
have index in J, hence we have an inducted function hy, : ¥ 4 — X that is well-
defined. The same argument holds for the labels, hence we have an inducted
function hy, : L4 — Lp that is well-defined.

Let R be defined as follows: for every s € Q4 and for every t € @Qp, s R t iff:

1. The local state of the initial token distribution processes D,, and Dj are
the same, that is: either both are in the end state, or neither of them is
in the end state.

2. The state of the processes indexed by I is identical to the state of the
processes indexed by J, up to h. That is hy(Aa(s)) = Ap(t).

3. The token in s is at the process [ € I iff the token in ¢ is at the process
h(l).

4. The token in s is between process [ and m iff the token in ¢ is between
h(l) and h(m).

2 Actually, given any order on I consistent with the direction of the ring Ringy (that is,
choosing an arbitrary minimum point and then ordering by following the clockwise verse), it
is sufficient to require that the order on J induced by h is consistent with the clockwise verse
of the ring Ringg. The point 1. above is the same as this condition after having chosen 0 as
arbitrary minimum point, but there is no actual need to do that, except for simplicity’s sake.
In practice, it is irrelevant which minimum point is chosen, and the proof holds as well with
the condition as written in this note.
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Now let’s prove that R is a stuttering bisimulation. Suppose that s R t,
where s is a state in M, |; and t is a state in My]|;.

It is trivial to see that any initial state of A is related to any initial state of
B by R, hence point 1. of the definition of stuttering bisimilation is satisfied.

By definition of R (point 2), we have that hr(Aa(s)) = Ap(t), so point 2.a
of the definition of stuttering bisimulation is satisfied.

Now note that there can’t be infinite stuttering sequences due to fairness
conditions: the token has to be passed eventually, which means that, since the
ring is finite, every process will receive the token eventually (in particular some
process indexed by I will receive it), so silent transitions cannot succeed forever.
This means that Stutter(s,Inf) = ¢, hence point 2.c is checked.

It remains just to show point 2.b: for every path p € Stutter(s,a), we need
to find a path g € Stutter(t, hs(a)) s.t. p and ¢ match by R. So let’s consider a
path p. The last transition of p has to be a non silent transition, i.e. it has to
involve a process i € I, i.e. it could be either an internal transition of process 4,
or the process i sending the token, or the process i receiving the token (either
from the initial distributor process D,, or from another process).

Before proceeding case by case, let’s note that every state on the path p
except the final one is related to t by R: in fact, the four conditions of the
definition of R hold up to silent transitions. This means that we are on the
right path to construct two partitions of p and ¢: we have a segment p(t) =
(5,51,82,...,5n_1) and a segment ¢1) = (¢) s.t. every state of p(!) is related to
every state of q(l). It remains to find an another segment q(2) s.t. every state
in it matches with p(® = (s,,). Let’s consider the different cases:

e Internal move: a = a;. Since the state of the processes indexed by ¢ and
h(i) are identical (by point 2 of the def. of R), it is possible to apply the
transition ay(;) to t. The state obtained is clearly related to s, by R.

e Sending the token: a = (snd;,rcv;+1). Since the state of the processes
indexed by i and h(i) (and by ¢ + 1 and h(i) + 1) are identical, it is
possible to apply the action (sndy;), rcvp(;)+1) in t, and the state obtained
is related to s, by R.

e Receiving the token from another process: a = (snd;_1, rcv;) (it is neces-

sary to analyze this case only if ¢ — 1 ¢ I, otherwise it has been already
considered in the previous case). Since the action is not silent, the token
has to be in (k : i) for some k € I. Since s R ¢, by point 4 of the definition,
the other token is at j € (h(k) : h(7)). If j = h(i) — 1 it means that the
process h(i) — 1 can send the token and we are done, since it is possible
to apply (sndp(;)—1,7cUnz))-
Otherwise, by fairness conditions, the token has to be passed, step by
step, from j to h(i) — 1 (this is possible since k < ¢ implies h(k) < h(7)).
Doing so involves only silent transitions, thus we can put these states in
the segment ¢!, since they are all related to s (and to s1,...,8,—1) by R.
After these transitions, it is possible to apply (sndp)—1,7cvpe))-
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e Receiving the token from the initial distribution process: a = (init_snd;, rcv;).
If ¢ € I, let the first transition of ¢ be the token assignment to h(%), so a
matching path is found. If ¢ ¢ I, there exists a pair k,l € I s.t. i € (k: 1)
and (k : 1) does not contain any index of I. By property of h, (h(k), h(l))
is not empty, let’s say it contains z, and let the first transition of ¢ be the
token assignment to z: a matching path is found.

O
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4 Decidability results for token-passing rings

Working with rings composed by a variable number of processes, it can be
very useful to verify properties that hold independently from the number of
processes. In order to study this question in a formal framework, we need to
introduce the notion of parameterized model-checking problem.

4.1 Parameterized model-checking problem

Let’s consider a sequence of LTSs A = (Aj, As,...), where each A, is a
composite LTS of the form A,, = B, || ... || By, built from d process templates,
i.e. there exist d LTS Py, ..., P, such that for every n € N and for every j € [k,],
there exists a [ € [d] such that B, is isomorphic P;.

From this sequence A, we can construct a sequence G = (G1,Ga,...) of
d-colored graph, where, for every n € N, G, is the graph associated to A,,

similarly to what done in Gn = (V,,, &, type,,) is defined as:
- Vo =A{1,.... ks}
- type, (i) =1 iff B, is isomorphic to F.
- (4,7) € & iff ¥4, contains a synchronized action between B, and B, .

Given a finite set of LTSs P = {Py, ..., Ps} (seen as process templates),
a sequence of LTSs A defined as above, a fragment F of the indexed temporal
logic ICTL*\X over a set of atomic propositions AP, we can have the following
definitions.

Definition 4.1 (Parameterized model-checking problem). The parameterized
model-checking problem for (P, A,F), abbreviated as PMCP(P, A, F) is de-
fined as:

o Input. A formula f € F.
e Output. "Yes” if A, |= f for every n e N, "No” otherwise.

It is now possible to define what is a cutoff for a parameterized model-
checking problem.

Definition 4.2 (Cutoff). We say that m € N is a cutoff for (P, A, F) if:
VieF: (WneNA, =f iff 'n<m A, = f)

When P and A are clear, it can be said that m is a cutoff for F.
Showing a cutoff for a parameterized model-checking problem is a very useful
technique for proving the decidability of a PMCP. In fact we have the following
result:
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Proposition 3. If (P, A, F) has a cutoff, then PMCP(P, A, F) is decidable.

Proof. Let m be a cutoff for (P, A, F),ie. ¥feF: (YneNA, = f iff ¥n<
m A, = f). We can construct the following algorithm: given f € F, output
"Yes” if for every n < m it holds that A,, = f, output "No” otherwise. This is
a solving algorithm for PMCP(P, A, F). O
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4.2 Cutoff theorems

For particular fragments of ICTL*\X there are important cut-offs results on
TPRs. Some of the most useful state that:

- The fragment {(Vi : g()) | g(¢) does not contain index quantifiers} has a
cutoff of 2

- The fragment {(Vi : g(4,i+1)) | g(¢,i+1) does not contain index quantifiers}
has a cutoff of 3

- The fragment {(Vi,j : j # i : 9(4,7)) | g(4,j) does not contain index quantifiers}
has a cutoff of 4

- The fragment {(Vi,j : j # i : g(¢,i+1,7)) | g(¢,i+1,4) does not contain index quantifiers}
has a cutoft of 5

Let’s prove them in order.

Lemma 4.1. Fized an initial state s°, then M, s® = (Vi: g(i)) iff
M, s = g(0), where g(i) is a ICTLE\X formula not containing index quanti-

fiers.

Proof. We have the following chain:
My, s° k= g(0)
<= (definition)
M, s% e |= g(i) holds for every valuation e that maps i to 0
<= (since g(i) has no index quantifiers, it does not distinguish between the
process indexed by 0 and the processes indexed by other indices. Thanks to the
symmetry of the system, we can extend the proposition to every valuation)
M, s°, e |= g(i) holds for every valuation e
<= (definition)
M, s° e |= Vi.g(i) holds for every valuation e
<= (definition)
My, s° | Vi.g(i)
O

Theorem 4.2. For every ICTLE\X formula f = (Vi : g(i)) where g(i) does
not contain index quantifiers, and for every n € N s.t. n = 2, then M,,s" = f

Zﬁ M27 Sg ': f
Proof. We have the following chain:

M., sp = f

L a0 g(0)

(2)
< M,lo, s E g(0)

3)
= Mo, s§ = g(0)
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4
= My,s3 k= g(0)
(5)
= My, sY = f
(1) The initial state is symmetric due to the very definition of the system, so
it is possible to apply the previous lemma.

(2) g(0) refers only to propositions indexed by 0.

(3) Tt is possible to apply the Reduction Theorem with & : 0 — 0, noting
that it satisfies the conditions required in the hypothesis. It follows that
M,|o and Ms|o are stuttering equivalent. In particular, the stuttering
bisimulation R constructed in the proof is such that s is related to s9 by
R. Thus, it possible to apply Theorem 3.1. Noting that h(g(0) = ¢g(0), we
obtain the double implication.

(4) ¢(0) refers only to propositions indexed by 0.
(5) By previous lemma.
O

Lemma 4.3. Fized an initial state s°, then M,,,s° = (Vi: g(i,i + 1)) iff
M, s° = g(0,1), where g(i,i + 1) is a ICTL¥\X formula not containing index
quantifiers.

Proof. The proof is very similar to the one of the previous lemma. We have the
following chain:

M,, s = ¢(0,1)
<= (definition)

M, s° e = g(i,i + 1) holds for every valuation e that maps i to 0
<= (symmetry)

M, s° e = g(i,i + 1) holds for every valuation e
<= (definition)

M, s° e = Vi.g(i,i + 1) holds for every valuation e
<= (definition)

M, 5% = Vi.g(i,i + 1)

O

Theorem 4.4. For every ICTLE\X formula f of the form (Vi : g(i,i + 1))
where g does not contain index quantifiers, and for every n € N s.t. n = 3, then

My, sy | fiff M3, s§ = f.
Proof. We have the following chain:

My, sy = g(iyi+1)

Lo w0 = g(0,1)

(2)
A Mnl{O,l}ﬂ S?L ': 9(07 1)
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(3)

Msl0,13, 59 = 9(0,1)

= Ms,s5 = 9(0,1)
— M;,s3 = g(i,i+1)

(4)
(®)

The initial state is symmetric due to the very definition of the system, so
it is possible to apply the previous lemma.

9(0, 1) refers only to propositions indexed by 0 and by 1.

It is possible to apply the Reduction Theorem with h : {0,1} — {0,1} such
that h(0) = 0 and k(1) = 1, noting that it satisfies the conditions required
in the hypothesis. It follows that M,[( 1} and M3l 1) are stuttering
equivalent. In particular, the stuttering bisimulation R constructed in
the proof is such that sO is related to sJ by R. Thus, it possible to

apply [Theorem 3.1} Noting that h(g(0,1) = g(0, 1), we obtain the double

implication.
9(0, 1) refers only to propositions indexed by 0 and by 1.
By previous lemma.

O

Lemma 4.5. Fizved an initial state s°, then M,,s° = (Vi,j i # 7 : 9(i,5)) iff
M, s° =V : (0, ), where g(i, j) is a ICTLE\X formula not containing index
quantifiers.

Proof. We have the following chain:
M, s = V5 : g(0,5)

—

(definition)

M,,s% e |=Vj: g(i, ) holds for every valuation e that maps i to 0

=

(symmetry)

M, s°, e = Vj: g(i, ) holds for every valuation e

<

(definition)

M,,s% el=Vi,j:i# j:g(i,j) holds for every valuation e

<

(definition)

My, 80 |= Vi, j i # j : gli, )
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Lemma 4.6. Forn > 4:
a) Mylo,1) ~ Mal(o,1)
b) Mulo,n-1) ~ Mil(0,3)
¢) Mnlo,j) ~ Malo,2) for j ¢ {0,1,n —1}

Proof. This is a straightforward application of the Reduction Theorem.

0, if =0

, 1, if j=1
In fact, let A : [n] — [4] be defined by: h(j) = Y .
3, if j=n—-1

2, otherwise
To prove point a), it suffices to apply the Reduction Theorem with h restricted
to {0, 1}, whereas for b) it can be applied with A restricted to {0,n — 1}. In
order to prove c), for every j ¢ {0,1,n — 1}, the stuttering equivalence follows
by the Reduction Theorem with h restricted to {0, j} each time. O

Theorem 4.7. For every ICTLE\X formula f of the form (Vi,j : i # j :
g(i,7)) where g does not contain index quantifiers, and for every n € N s.i.
n =4, then M, s% = f iff My,s) = f.

Proof. We can proceed in a way similar to the previous theorems, but we need
to do an observation first. By a reasoning analogous to the one of Lemma 4.1,
we can instantiate the first index quantifier ¢ to 0, for a symmetry argument.
But it is not possible do to that for the second index quantifier j too. In fact,
fixing an evaluation e, the positions that e(0) and e(j) assume can be of three
different types:

e ¢(0) is the successor of e(j)
e ¢(0) is the predecessor of e(j)
e ¢(0) and e(j) are not adjacent

This three cases are significantly different one from the other. In fact, in the
first case there is an action sending the token from e(0) to e(j), in the second an
action sending the token from e(j) to €(0), and in the third no token exchange
between the two processes. This suggests that a system composed by 3 pro-
cesses will not be able to cover all the formulas of the form in the hypothesis,
while a system composed by 4 processes will do it: the processes indexed by
0,1 and n — 1 do not change, while all the processes indexed by 2,...,n — 2 are
simulated by a single processes, indexed by 2.
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Similarly to what done before, we have the following chain:
My, s° = (Vi g i #5:g(i,7))
< (Lemma 4.5)
My, s° = (V5 :5#0:9(0,5))
<= (By the definition, we can split the cases. Note that doing so is possible
only due to the observation preceding the chain)
My, s° = (9(0,1)) A
M, s = (9(0,n —1)) A
anso ': (V.] .] ¢ {0717n - 1} : 9(07]))
<= (Lemma 4.6)
M4780 ': (9(07 1)) A
M4’50 '= (9(073)) A
My, 5% = (9(0,2))
<= (By the definition, we can merge the cases. Note that doing so is possible
only due to the observation preceding the chain)
My, s® = (Vj:j#0:9(0,5))
<= (Lemma 4.5)
My, s® = (Vi j i #j:g(i,5))

Lemma 4.8. Fized an initial state s°, then
M, s% = (Vi,j : neq(i,i +1,7) : g(i,i + 1,5))
iff
M, s = (V) : neg(0,1,5) : 9(0,1,5))
where g(i,1+ 1,7) is a ICTLE\X formula not containing index quantifiers.

Proof. We have the following chain:
M, s” = (7 : neg(0,1,) : 9(0, 1, )

<= (definition)
M,,s% e = (Vj : neq(0,1,5) : g(0,1,5)) holds for every valuation e that
maps ¢ to 0 and e(j) # 0 and e(j) # 1

<= (symmetry)
M,,s% e | (Vj : neq(i,i + 1,5) : g(i,i + 1,5)) holds for every valuation e
such that e(i) # e(j) and e(i + 1) # e(j)

<= (definition)
M,,s° e = (Vi,j : neq(i,i +1,5) : g(i,i + 1,7)) holds for every valuation e
such that e(i) # e(j) and e(i + 1) # e(§)

<= (definition)
M, s = (Vi,j :neq(i,i+1,5) : g(i,i+ 1,7))

40



Lemma 4.9. Forn > 5:
a) Mn|(071,2) ~ M5|(0,1,2)
b) Malo,1,n—1) ~ Msl(0,1,n1)
c) Mn|(0,1,j) ~ M5|(0,1,3) for j¢{0,1,2,n —1}

Proof. The proof is analogous to the one of Lemma 4.6, i.e. a straightforward
application of the Reduction Theorem. Let h : [n] — [5] be defined by:

0, if j=0

1, if j=1
h(j) =12, if j=2

4, if j=n—1

3, otherwise
Each point is proved by applying the Reduction Theorem with A restricted to
the triple involved. O

Theorem 4.10. For every ICTLE\X formula f of the form (Vi,j : neq(i,i +
1,7) : g(i,1 + 1,5)) where g does not contain index quantifiers, and for every
neN s.t. n=5, then My, s2 |= f iff Ms,s3 = f.

Proof. The idea is very similar to the one of Theorem 4.7. First, we instantiate
the first index quantifier ¢ to 0 (and ¢ + 1 to 1, accordingly). Second, fixing an
evaluation e, the positions that e(j) can assume are of three different types:

e ¢(j) is the successor of e(1)
e ¢(j) is the predecessor of e(0)
e ¢(j) is not adjacent with neither e(1) nor e(0)

Again, we can construct from M, a system composed by 5 processes, where the
processes indexed by 0,1,2 and n — 1 do not change, while all the processes
indexed by 3,...,n — 2 are simulated by a single processes, indexed by 3.

So we have the following chain:

M, s = (Vi,j :neq(i,i+1,5) : g(i,i+ 1,7))
<= (Lemma 4.8)

Mna SO ': (V] : nQQ(Oa 17]) : g(oa 17]))
<= (By the definition, we can split the cases. Note that doing so is possible
only due to the observation preceding the chain)

M, s° = (9(0,1,2)) A

M,,s° E (g(0,1,n — 1)) A
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My, s® = (V1§ € 0,1,2,0 — 1} : 9(0, 1, )
<~ (Lemma 4.9)
Ms, s 'Z (9(07 1, 2)) A
M57 s? ': (9(07 174)) A
M57 50 ': (g(oa ]-7 3))
<= (By the definition, we can merge the cases. Note that doing so is possible
only due to the observation preceding the chain)
M57 50 'Z (Vj : n€Q(O7 17.j) : 9(07 17j>)
<= (Lemma 4.5)
Ms, s |= (Vi - neq(i,i+1,4) : gli,i+ 1,5))
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4.3 Overview over more general (un)decidability results

In 2014, Aminof et al.|1] proved a decidability result for token passing rings
for CTL*\X formulas with only universal or only existential quantifiers. For a
formula indexed over k index variables, the cut-off is 2k.

In 2004, Clarke et al.[4] proved a decidability result for token passing rings
for formulas in LTL\X, using the decomposition technique.

It is possible to permit to the token to take multiple values, but this quickly
leads to undecidability. Indeed, even the safety fragment of LTL\X is undecid-
able, as proven by Emerson and Namjoshi in 2003[6].

It is possible to extend the notion of token passing ring to a generic graph.
Doing so, it arises the possibility for a process to send (receive) the token to
(from) two or more other processes. When this possibility is denied, i.e. every
process can send (receive) only to (from) a process, we talk about direction-
unaware TPS, otherwise about direction-aware TPS.

In 2014, Aminof et al. proved an undecidability result for direction-aware
token passing systems for formulas in LTL\X.

A complete overview over decidability and undecidability results can be
found in ” Decidability of Parameterized Verification”|2].
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4.4 Applications

Token-passing rings have proved to be a very powerful way to handle the
communication in computer networks. In fact, there is a wide variety of appli-
cations that find the token-passing ring structure to be very suitable.

For examples, token-passing rings are used by several protocols for mutual
exclusion, which strongly benefit from the ring structure in terms of safety.
Among these protocols, one of the most well-known is Milner’s scheduler pro-
tocol [10].

Milner’s scheduler protocol consists of a certain number of processes
arranged on a ring, each of which has to accomplish a task. In order to activate
the task, a process needs to have the token. After the activation, it sends the
token clockwise to another process, and then starts working on the task. It can
receive again the token either before or after completing the task. After having
completed a task, it can activate a new task, provided it holds the token.

It is clear that Milner’s scheduler protocol can be seen as a composed LTS of
the form M,, constructed as in[section 3.1] where the base template process P is
defined as follows. The process can be in an initial state in, a ”task activation”
state a, a "working on the task” state w, or a ”completing the task” state c,
and in each state - except for the task activation state - it can have the token
(noted with the subscript T') or not (noted with the subscript N). Formally, we
define it as:

e Q = {iny, inr, ar, cN, cr, WN, WT}
o [ ={iny}
e ¥ = {rcv, snd, act, compl, 7}

e () is formed by the following transitions:

. rcv . rcv . rcv
- I'CV: my —> inr, CN —> inr, wN —> wWr
snd
- snd: ar — W
. act
- act: nmr — ar
compl compl
- compl: WN —— CN W ———> O
T . . o . T
-T: cp — inp (besides the transitions of the form ¢ — ¢

for every ¢ € Q)
e [ and A are constructed in the usual way for Kripke structures

Being the number of processes variable, it is clear that, if we are interested
in proving general properties of Milner’s scheduler protocol, we are facing a
parameterized model checking problem.
Let’s say, for example, that we want to check that every process, in order to
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rev
) rev /. act snd
start —{ iny mnr ar
T
compl i :

Figure 1: Milner’s scheduler protocol. In red the states having the token.

rcv

activate a task, must have completed the task previously. This property can be
expressed by the JCTLE\X formula

Vi @ AG(a; — (a; Uy —a; Uy ¢;))

In order to verify this specification in a system composed by an arbitrary num-
ber of processes, thanks to Theorem 4.2, it suffices to verify it in a system of
size 2.

Another example of application is the problem of Leader election in a
synchronous ring [9]. The problem consists, having a certain number of pro-
cesses disposed on a ring, in deciding which of them has to be the ”leader”, i.e.
which of them can initiate the communication.

In order to prevent two processes from communicating simultaneously, risk-
ing to interfere with each other and losing information, it is very important to
have a clear procedure to decide which of them has the right to start the com-
munication. Moreover, in a token-passing system, it can happen that the token
gets lost, and the process to regenerate it is equivalent to electing a leader.

One idea to construct a system for the leader election is as follows. We sup-
pose that every process has an unique identifier (UID), represented as a natural
number, and it sends it around the ring. Then, when it receives an incoming
UID, it checks whether it is greater than its own (in this case it keeps passing
it), less than its own (in this case it passes its UID), or equal (in this case it
proclames itself to be the leader). This algorithm can be viewed as an LTS, and
the system as a token-passing ring
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Part 11
Token-Passing Rings as
array-based systems

5 System description

5.1 Preliminaries

We work in first-order logic, and assume the usual notions of signature (re-
quiring it includes the equality), terms, formulas, ground formulas, quantifier
free formulas, interpretations, etc.

For ¥ a signature and z a finite set of variables, with ¢(z) we indicate a term
in which at most the variables in z are free, and with ¢(z) we indicate a formula
in which at most the variables in x are free.

By saying that a formula ¢(x) is satisfiable we mean that its existential
closure is satisfiable, and by saying that it is valid we mean that its universal
closure is valid.

Definition 5.1 (Substructure). Given a X-structure M = (M,T), we say that
M = (M',T') is a B-substructure of M if M' € M and I’ is obtained from T
by restriction.

Definition 5.2 (Substructure generated by a subset). The X-structure gener-
ated by a subset X of M is the smallest 3-substructure of M whose domain
contains X. In case the X-structure generated by X is the whole M, it is said
that X generates M.

Definition 5.3 (Theory). Given a signature ¥ and a class of X-structures C,
we say that the pair (X,C) is a theory, and the structures in C are said models
of the theory E]

Definition 5.4 (Closure under substructures). A class of structures C is closed
under substructures if, for every M € C, every N isomorphic to a substructure
of M is in C.

Definition 5.5 (T-satisfiability). Given a theory T, a formula ¢ is said T —
satis fiable iff there exists a model M of T and an assignment a to the free

variables of ¢ making ¢ true in M under a. It is said T — valid it is valid in
all the models of T

Definition 5.6 (T-equivalence). Given a theory T, we say that two formulas ¢
and v are T-equivalent if T =V (d(z) < ()

3Note that this is the definition in the SMT-formalism, while the usual theory definition
is quite different.
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Definition 5.7 (Quantifier elimination). A theory admits quantifier elimination
iff for every formula ¢(z) there exists a quantifier-free formula ¢'(x) which is
T-equivalent to ¢(x).

In an applications-oriented context like ours, we require ¢’'(z) to be com-
putable.

Definition 5.8 (Locally finiteness). A theory T = (X,C) is locally finite iff
Y is finite and for every set of variables x there are finitely many X(x)-terms
t1,...,tg 8. t. for every other term u, there exists i € [k] such that T = u = t;.
The terms t1,...,t; are called X(z)-representative terms.

Definition 5.9 (Effectively locally finiteness). A theory T = (X,C) is effectively
locally finite iff it is locally finite and its representative terms are effectively
computable from (z)

Definition 5.10 (T-partition). Given a theory T, a T-partition is a finite set
of quantifier-free formulas Cy(z),- -+ ,Cy(z) such that T = Vz \/;_, Ci(z) and
TE A, Ve # (Cila) A Cy(a)).

Definition 5.11 (Case-definable extension). Given a theoryT = (£,C), a case-
definable extension T' = (¥/,C’) is an extention obtained form T by applying
finitely many times the following procedure:

(i) Take a T-partition Ci(x), - ,Cr(z) and the X-terms t1(z), - ,tn(z).

(ii) Define ¥’ = X U {F} where F' ¢ ¥ and the arity of F is equal to the length
of z

(i1i) Let C' be the class of X' -structures M such that its X-reduct is a model of
T and such that M = N\, Vz(Ci(z) — F(z) = t;(z))

These new function symbols are called case-defined functions.

Definition 5.12 (Enumerate data-type theory). An enumerated data-type the-
ory T is a theory whose class of models contains exactly one finite Y-structure
M = (M,I) such that for every m € M there exists a constant c € ¥ such that
7

ct =m.
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5.2 Array-based systems

Definition 5.13. An index theory T; = (X1,Cr) is a mono-sorted theory (let’s
call its sort INDEX) which is closed under substructures and whose fragment
formed by only quantifier free formulas is decidable for Tr-satisfiability.

Definition 5.14. An element theory Tg is a multi-sorted theory which admits
quantifier elimination and whose fragment formed by only quantifier free formu-
las is decidable for Tg-satisfiability.

Given an index theory T7(Xy,Cr) and an element theory T, we can con-
struct a third theory A¥ = (¥,C) having three sort symbols: INDEX, ELEM,
and ARRAY. ¥ contains all the symbols in ¥; and all the symbols in X g, plus
a binary function symbol apply having sort ARRAY, INDEX — ELEM (instead of
apply(a, i) we will use the more array-style like notation a[i]). The class C con-
tains exactly the three-sorted structures M = (INDEX™ ELEMM, ARRAYM T)
such that ARRAYM is the set of functions from INDEX™ to ELEMM, the function
symbol apply is interpreted as a function application, and (INDEXM,I‘E ;) and
(ELEMM,I‘EE) are models of Tt and T, respectively. By M; (resp. Mg) we
will indicate (INDEXM,Zs;,) (resp. (ELEMM,Zs.,) )

Definition 5.15 (Array-based system). An array-based system for an index
theory Tt and an element theory Tg is a triple S = (a, I, T), where:

e a is a tuple of variables of sort ARRAY (these variables are called state
variables)

e I(a) is a o(a)-formula (called the initial state formula)

e 7(a,d’) is a X(a,a’)-formula, where @’ is a renamed copy of the tuple a
(this formula is called the transition formula)
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5.3 Backward reachability

In this section we assume that I(a) is a formula of the form Vi.¢ (i, a[i])
(shorthand: I(a) is a V!/-formula) and that 7(a, a’) is in functional form, i.e. it is
a disjunction of formulas of the form Ji(¢ 1 (4, a[i]) AV] : ¢'[§] = Fa (i, alil, 7, aj])
where ¢y, (called guard) is quantifier-free and Fg is a case-defined function.

Definition 5.16 (Safety problem). Given an array-based system S = (a,I,T)
and an 3 -formula U(a), an instance of the safety problem is to establish if the
formula

I(ag) A T(ag,a1) A -+ A T(an-1,an) A U(ayn)

is A¥ -satisfiable for some natural number n.
We say that S is safe w.r.t. U(a) if there is no such n, otherwise it is unsafe.

Definition 5.17 (n-pre-image). Given n = 0 and a formula K(a), the n-pre-
image of K(a) is inductively defined as follows:

Pre(1,K) := K
Pre™t(r,K) := Pre(r, Pre™(r, K))

where
Pre(r,K) :=3d’.(7(a,d") A K(a'))

Given an array-based system S = (g, I, 7) and a formula U(a), the formula
Pre™(1, K) describes the set of states that are backward reachable in n steps.
To check if U is safe, we use the backward reachability algorithm (BReach).

At the end of n-th iteration, BReach stores the formula BR"(7,U) := \/|_, Pre‘(r,U)

Algorithm 1: BReach
input: (U : 3/-formula)

P—U;
B—1;
while (P A —B is A¥-sat) do
if (I A P is AP-sat) then
| return unsafe;
end
B~ Pv B;
P — Pre(r, P)
end
return (safe,B)
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in the variable B, that hence contains exactly the states that are backward reach-
able from the states in U in at most n steps, while the formula Pre"*(r,U)
is stored in P. If at some point I A P is AP-sat (i.e. I A Pre™(r,U) is satis-
fiable in AF) the algorithm gives an unsat output. Moreover, at every steps it
checks if a fix-point has been reached, since (P A —B is AF-sat) is false if and
only if BR""(r,U) — BR"(r,U) is valid in AP. If the algorithm terminates,
the variable B expresses the formula that describes the set of states which are
backward reachable form U, that is a fix-point.
In order for BReach to be a true procedure, we need to check that:

(i) 3!-formulas are closed under pre-image

(ii) The AF-satisfiability test for safety and the AF-satisfiability test for fix-
point are effective

For (i), it suffices to use the following result:

Proposition 4. Given a formula K (a) of the form 3k¢(k, a[k]) and 7(a,a’) :=
Vi, Ji(eh (i, ali)) ra’ = Nj.FA(i,ali], j,a[j])), then Pre(r, K) is AF -equivalent
to an effective computable 3 -formula.

Proof. In |7] section 3.2. O

For (ii), we need a decidability procedure for the fragment 3*V*. The existence
of this procedure strongly depends on the index theory used.
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5.4 Formalization of token-passing rings

Now we want to formalize token-passing rings as array-based systems. The
index theory 77 is the theory of finite rings.
The theory of finite rings is defined as follows:

e Signature X:

— function symbols: s, p (both of arity 1)

— predicate symbols: =

e Class of X-structures: It contains every structure of the form ({1,...,n},Z)
such that:

—neN-—{0}
— sf(i))=i+1 modn

—pl=i—1 modn

The elements theory Tg is a multi-sorted theory, having the two enumerated
sorts Bool = {0,1} and States = {qo,-- ,qn}. Hence, the two array variables
are:

e tok : INDEX — {0, 1}
e a:INDEX — {qo- " ,qn}

where tok[i] = 1 means that ¢ has the token and o, ..., ¢, are the internal states.

We can now express the initial state assignment with the formula

I: Vi(a[i] = qo A tok[i] = 0)

and the transitions with the formula

) . [ Guard(iy, - i) A
T: 3217"',3'Lk . .. .
AjUpdate(j, i1, - - ,ix))

where Update is a function dependent only by i1, - ;i that assigns univocally
the values of a’[j] and tok’[j] and that is expressed as an exclusive disjunction of
cases where each case is a quantifier-free formula. Moreover, Update is required
to assign the token to exactly one process.

We have now defined an array-based system for token-passing rings. We

would like to implement a procedure for backward reachability to test safety
properties. However, in order to do so, we need first to establish a decidability
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procedure for the fragment 3*V* of the theory of arrays over finite rings.

This will be done in two ways: first by translating the problem into a S1S
problem, secondly using a direct approach. The rest of the thesis is dedicated
to prove the decidability of this fragment.

Given these results, the Algorithm BReach is proven to be an effective pro-
cedure for solving safety problems. However, we have not shown that the algo-
rithm terminates. In [7], termination is obtained by imposing model-theoretic
conditions on T4, but these conditions do not hold for arrays over finite rings.

A future development of this project would be to find suitable conditions,
possibly by taking inspiration from the cut-offs technique treated in the first
part of the thesis.
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6 Theory of arrays over finite rings and MSOL

Second-order logic is an extension of first-order logic which gives the possi-
bility to quantify over relations.

Monadic second-order logic (MSOL) is a restriction of second-order logic,
which allows second-order quantifiers only over unary relation (i.e. sets). Two
important theories are S2S and S1S. While S2S is defined over infinite binary
trees having a successor function of arity two, S1S is defined over natural num-
bers with the usual 1-arity successor function.

Since we are dealing with directed rings, i.e. graphs where every vertex has
only one predecessor and one successor (plus a modular structure that we will
see later how to treat), S1S seems to be a good choice for encoding the theory
of arrays over finite rings in MSOL, being expressive enoug}ﬂ

6.1 Introduction of S1S

S1S is the second-order logic interpreted on the naturals, having the constant
0, the successor function symbol fl, and only unary predicate variables.
Formally:

e If 2 is a first-order variable and P is a second-order variable, then P(x) is
a formula

e If x and y are first-order variables, then z = y and succ(z, y) are formulas
e If ¢ and ¥ are formulas, then ¢ A ¥, ¢ v ¥, and —¢ are formulas

e If z is a first-order variable and ¢ is a formula, then Jz¢ is a formula

e If P is a second-order variable and ¢ is a formula, then 3P¢ is a formula

Note: in the definition above, we are treating the successor s as a 2-arity predi-
cate. However, in order to use a notation more similar to the one of the previous
chapters, we would like to write s(z) = y instead of succ(x,y), i.e. expressing
the successor as a 1-arity function. So we will do, since the formulas expressible
in the two languages are the same[11].

Given a finite number of second-order variables Py, --- , Py, an assignment
o is a function that maps every P; into o(P;) < N.
Now we introduce the Biichi automata, that play an important role in showing
a decidability procedure for S1S.

4For an extensive description of the properties of S1S and S2S, we refer to [8] (which also
provides a theoretical framework for SMOL)

5The successor function could be avoided by introducing a 2-arity predicate symbol S,
interpreted as S(z,y) : <= s(z) = y. However, these two languages are interchangable.
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Definition 6.1 (Biichi automaton). A Biichi automaton is a 5-tuple A =
(E7Q7q176) F) where

e 3 is a finite set, called alphabet of A

e (Q is a finite set, called set of the states of A
e g; € Q is the initial state of A

e §:X X Q — P(Q) is the transition of A

o ' Q is the set of final states of A

Definition 6.2 (Run). Given a w-word o € X¥, a run over o is an infinite
sequence of states

p = p(0),p(1), ...
such that p(0) = qr and p(i + 1) € 6(o(4), p(i)) for every i e N.

Definition 6.3 (Acceptance). A is said to accept a run p iff there exists g€ F
such that q occurs infinitely many times in p(0), p(1), ....

Given a Biichi automaton A, with L(A) we indicate the w-language includ-
ing exactly the infinite words of ¥“ that are accepted by A. It can be proved
that checking if L(A) = @ is in NLOGSPACE.

Biichi automata and S1S are connected by the following theorem:

Theorem 6.1. Given a formula ¢ in S1S, there exists a Bichi automaton Ag
such that ¢ is satisfiable in N if and only if L(Ay) # @.

A detailed proof can be found in [§]. This results implies that S1S is decid-
able.
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6.2 Encoding the theory of arrays over finite rings into
S1S

First, we apply the following rules:

- For all variables z and y and n > 0, s"(s(z)) = y is replaced by Yw(s(x) =
w— s"(w) = y)

- For all z and n > 0, a[s"(x)] = ey is replaced by Yw(s(z) = w —
a[s" ! (w)] = ex)

By applying these rules, we obtain a formula containing at most first-grade
powers of the successor function symbol s.

Now, a model for the theory of arrays over finite rings is a finite ring of
dimension d in which every vertex has a value e; € {e1, - ,e,.}. The cen-
tral idea of the encoding is to express this model as a subset of N of the form
{0,1,--- , N} (with N = k — 1) having a partition {C1,---,C,._}, where n € C;
represent that a[n] = e;, and where the successor of N is 0.

First, note that, by using the heterodox definition of theory given in we
are implicitly stating that a formula is satisfiable iff there exists an N € N

We define a translation 7 that maps a formula ¢ of the theory of arrays over
finite rings into a formula 7(¢) of S1S. First, we inductively define a partial
translation 7/ as follows:

o 7' is(xy) =29 — (x1 <N Az =38(x1)) v (x; =N Axzg =0)
o 7' :afz] =e; — Cj(x)

o 7 Vrgp — Ve < N : 7/(¢), where ¢ does not contain existential
quantifiers

o 73y — Jy< N:7'(¢)
Then:

T : ¢ — AN >0:(3Cy---3Cy, : Partitiony(Cy,--+ ,Cpn.) ~ T'(0))
where

Partitiony(Cy,---,Cyp,) = Vn < N : ( \/ Ci(n) A /\ =C;i(n)v # Cj(n))
1<i<ne 1<i<ne
1<j<ne
J#i
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Theorem 6.2. An 3*V*-formula ¢ is satisfiable in the theory of arrays over
finite rings if and only if T(¢p) is satisfiable in S1S.

Proof. ( = ) Suppose ¢ is satisfiable, i.e. there exists a finite ring having
dimension d and a coloration o : [d] — {e1, -+ ,en} in which ¢ is valid, and call
this model M. Define the assignment o as follows:

- 0(C;) ={neN:a(n) =e;} for every j.
-o(N)=d
Let’s prove inductively that 7" does not alter the validity of a formula:

o If M = s(z1) = x2, then 2} + 1 = 237 (mod d). Since M € [d], this is
true if and only if either o(z1) < d and o(x2) = o(z1) + 1, or o(z1) = d
and o(z2) = 0, that is o = 7/(s(z1) = x2).

o If M |=a[z] = ej, then a(xzM) = e;, that is true if and only if o = C; ().

o If M = V¢ for ¢ without existential quantifiers, then for every n € [d]
it holds that M k= ¢(n/x), that by inductive hypothesis is equivalent to
o =17 (¢(n/x)) for every n € {0,d}, i.e. 0 =3z < N : 7/(¢).

o If M = Jyg, then exists n € [d] such that M = ¢(n/y), that by inductive
hypothesis is equivalent to o = 7/(p(n/y)), i.e. 0 =3Iy < N : 7/(¢9).

( <= ) Suppose 7(¢) is satisfiable in S1S, i.e. there exists an assignment o.
Define the colored graph M as follows:

- d:=0(N)

e

- for n € [d], a(n) := ¢; such that o = C;(n) (it is unique since C1,--- ,Cy,
is a partition)

The proof that M is a model is the same as before read backwards.

96



7 Decidability of the 3*V*-fragment of the theory
of finite rings

The theory of finite rings is defined as follows:
e Signature X:

— function symbols: s, p (both of arity 1)
— predicate symbols: =
e Class of E-structures: It contains every structure of the form ({1, ...,n},7)
such that:
— neN-—{0}
— s¥(i)=i+1 modn

—pf=i—1 modn

We consider the problem of determining whether a finite set of literals is satis-
fiable or not. Explicitly we have the following:
Problem P:

e Input: A finite set of literals F' in the language of ¥

e Output: Yes if ' has a model, No otherwise.

7.1 Decidability for finite sets of literals
Theorem 7.1. The problem P is decidable.

Proof. Let F be any finite set of literals. It can be seen as a union of two sets
P and @ of the form P = {s; = t;}; and N = {s; # t;};, withie I and j € J.
By replacing the variables with new constants, we can suppose that s; and ¢;
are ground for every i € I U J.

Let’s manipulate these two sets by replacing and removing literals by ap-
plying some operations that preserve equisatisfiability. With a slight abuse of
notation, we will continue to call the sets P and N even after the modifications.

Rewriting rules are the following:

1. Every occurrence of s(p(t)) and every occurrence of p(s(t)) are replaced
by t.

2. Every literal of the form p(t;) = p(t2) is replaced with t; = t5, and every
literal of the form p(¢1) # p(t2) is replaced with ¢ # to.

3. Every literal of the form ¢; = p(t2) or p(t2) = t1 is replaced by s(t1) = ta,
and every literal of the form ¢; # p(t2) or p(ta) # t; is replaced by
S(tl) #* t2.

o7



4. Every literal of the form s(t1) = s(t2) is replaced by t; = t3, and every
literal of the form s(t1) # s(t2) is replaced by ¢ # ta.

5. For every literal of the form a = b (where a and b are constants), replace
every other occurrence of b with a and then remove the literal a = b.

6. Per every literal of the form s™(a) = b such that a # b, replace every other
occurrence of b with s™(a) and then remove the literal s"(a) = b.

Let’s apply the rules 1, 2, and 3 until no more rule can be applied. After
that, the symbol p does not appear anywhere.

Now let’s apply rules 4, 5 and 6 until no more rule can be applied. At this
point, the set P contains only literals of the form s™(a) = a, where n > 0.

Indeed, we got P = {s"(a;) = a;}ser, where I is finite (possibly empty).
The strategy is to determine effectively d such that if P U N is satisfiable, then
there is a model whose dimension is less then or equal to d. This implies that
the problem is decidable, since there is only a finite number of candidate models
(having finite cardinality) to check. There are two cases:

e P # . If there exists a model that satisfies PuU NV, it satisfies P too, hence
every literal s™i(a;) = a; must be valid in that model, and this tells us
that the dimension d of the model is such that d|n; for every i. Therefore
d} ged(ng, ...,ny7p). Thus the set of the candidate models is restricted to
the rings whose dimension d is such that d| ged(ng, ..., nyr|), i.e. to a finite
number of candidate models of finite cardinality.

e P =g. If N is empty, also F' is empty, thus it has a model. Suppose,
without loss of generality, that N is of the form N = {s™i(a;) # b;}jes.
Say p:= ;. ;(m;+1) . We show that if there exists a model that satisfies
N, then there is a model that satisfies NV whose dimension is d < pu.

In fact, suppose there is a model M = ([das],Zar) such that dpy > p.
If we prove that there is an element that can be removed from the ring
without losing the satisfiability, we are done, since this operation can be
done (dps — p)-times, obtaining at the end a model M = ([d;],Zy;) with
dyr < e

Let’s say that an element i € [dps/] of the ring is bounded if there exists
a j € J such that i € [Z(a;) , Z(s" (a;))] ﬂ In M there is at least one
element which is not bounded. In fact, for every j € J, exactly the m;
elements (Z(a;) , Zs(a;) ... Z(s™i(a;))) are bounded. Therefore at most
ZjeJ m; = u elements are bounded.

Given a non bounded element i, we can construct a new model

M’ = ([dpr],Zar), where dpp = dpy — 1 and for every variable ¢

T if 7. )
Tan(e) = 2010 1 Dl <7
Ip(e) =1, if Zp(c) =i
Every disequality still holds, so the new structure is a model too.

6With [x,y] we mean the clockwise segment of the ring starting at = and ending at y
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Having restricted the satisfiability problem to check a finite number of pos-
sible models, the decidability follows. O

7.2 Satisfiability of a quantified fragment

Let’s consider a formula of the form
JyVr A

where z is a single variable.

After having skolemized all the existential quantifiers, we write A in CNF
and we distribute the universal quantifier over the conjunctions, obtaining a
finite number of formulas of the form (*)

Ve(—Ayv---v—A,vBiv--vBy,)

In order to find a model of the starting formula, it is necessary to find a
model that satisfies every formula obtained through this process. Let’s analize
them individually.

First, note that we can move outside the scope of the quantifier every literal
—A; ei B; in which do not appear z. In fact V(¢ v 1) is equivalent to ¢ v V()
if z do not appear in ¢. With a slight abuse of notation, let still write (*) to
indicate the formula inside the scope of the quantifier.

Every A; and B; can have one of the following forms:

a) s"(c) =z or p*(c) ==z

b) s"(z) ==z

Let’s apply the following rules:
1. If A; has the form s™(¢) = z (or p™(c) = x), rewrite (*) as
—As(t/x) v - —Ap(t/z) v Bi(t/x) v -+ v Bp(t/x)

where t is s™(c) (or p™(c)). This is an equivalent formula, since (*) can be
first written as

Ve(A1 —» —Ayv - —A, v Byv---vBy,)

and then it is possible to apply the logic rule ”Vz(x = t — ¢) is equivalent
to ¢(t/x) if t do not contains z”.

2. Given the B; of the form s™ (x) = =z, take k := max;(n;) (where i is
iterated only on the B; of this form). Test the satisfiability in the rings
having dimension < k. It this test gives a sat output, a model is found; if
it gives an unsat output, we replace every B; of the form s"i(z) = x with
1 and test the models having dimension > k.
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3. If A; has the form s"(z) = = (hence —A; = s"(x) # x), every ring
having dimension not dividing n is a model. The rings having dimension
dividing n are finitely many, so the satisfiability can be tested individually
by substituting —A; with L.

4. If the algorithm has not terminated yet, (*) is of the form
Ve(By v -+ v By)

where every B; has the form s"(c) = = or p™(c) = z. So (*) can be
rewritten as:
Ve(ty =2 v Vi, =1

where ¢; is s™i(¢;) or p™i(c¢;). Then it suffices to test the satisfiability in
the models having dimension < m. In fact, given a model that satisfies
the formula, x can take at most m different values.

If the satisfiability test fails, the formula is replaced by L.

After having applied these rules, either a model is found or only quantifier-
free formulas remained, hence reducing the satisfiability problem to the one of
the previous section.

In case the original formula has more than a single universal quantifiers, i.e.
it has the form JyVz, ---Vr1 A, we apply the same procedure by induction,
treating the more external variables (z,, - - - x2) as constants.
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8 Decidability of the 3*V*-fragment of the theory
of arrays over finite rings

8.1 Decidability for finite sets of literals

We consider the case where there is only an array a, and the new atoms are
all the ones of the form a[c] = e.

Let F be a set of literals of the form t(c) = #(¢/) or a[c] = e (or their
negation).
Consider the problem P2: ” Does F' have a model?”.

Theorem 8.1. The problem P2 is decidable.
Proof. F can be seen as a union of four sets:
o P={ti(ci) = ti(ci)}1
o N ={tj(ej) # t(c))}s
o P’ ={a[ty(ck)] = er}r
o N ={a[ti(a))] # e1}r

By the same argument of the theorem 8.1, if P is not empty, decidability follows.
Suppose P = &. The idea is the same of the previous theorem: to effectively

determine an integer p such that if there exists a model that satisfies F', then

there is a model with dimension < p that satisfies F'.

Being every term ¢; of the form s™i(c;) or p™i(¢;) and every term ¢, of the form

s™i(ch) or p™i(c}), it is possible to define

pi= 2 (my + 1+ m)+ 1)+ ) (my + 1+ Y (my + 1)

jeJ keK leL

Suppose there is a model M with dimension d > p. There is at least an
element that can be removed from the model without affecting the validity of
the formulas in F. Hence it is possible to define a new model with dimension
d’ = d — 1. This operation can be done until the dimension of the new model is
< W U
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8.2 With one quantifier

Let’s consider a formula of the form
JyVr A

where A is a formula without quantifiers and z is a single index variable.

As done in the section 8.2, the existential quantifiers can be skolemized, A
can be written in CNF, and the universal quantifiers can be distributed over
the conjunctions.

We obtain formulas of form (*):

Ve(—=Ayv---v —A,vByv-v By

when A; and B; are atoms.

Now apply and [3] from section 8.2, plus a new rule

5. Every literal of the form a[t(z)] # e; is replaced by

After having applied these rules, if the quantifier is not removed, we got
formulas of the form:

Ve(th =z v--ov b, =2 v alti(@)] =€, v valtyw(x)] =€ ,)

Let’s use the convention that s~™(x) is interchangeable with p™(x) and s°(x)
is interchangeable with x.

8.2.1 Particular case

For now, consider the restricted case where A is in CNF
A = VaDy A - AYzDy
and every Dy is of the form
als™* M (z)] = ep(1) VotV als™ M) ()] = Ch(mn)

with ng(7) < ng(i') for ¢ < ¢'.
Since the quantifier is distributed over every Dy, we can apply the following
rule:
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6a. Given Dy, let di := —ng(1). Replace every s (1) with gk (D+de

This way, for every Dy, the first literal in the disjunction is a[z] = ey(1), and
every nyg (i) is positive. Basically, we got rid of all the predecessor function sym-
bols and of the redundant successor function symbols.

Let’s transform the formula into DNF:

A =Ve(Cyv---v(Cy)

Observe that there could be some Cj; (statistically, a lots) containing subformu-
las like a[s™(x)] = e; A a[s™(z)] = e;» with e; # e;r. Apply the following rule:

7. If a Cj contains both a[s"(x)] = e; and a[s"(z)] = ej, with e; # e,
remove Cl.

After having applied the rule exhaustively, every remaining C}, has the form
als™* M ()] = exay A -+ A als™ ) (@)] = epmy)

where ny (i) # ng(i') for every 7 # i’
Let M := max ng ().
K

Given a Cj, it is possible to construct a one-to-one correspondence between
C} and a partial function having domain {0,1,--- , M} and codomain the set of
the elements {1,2,...,n.}.

Ezxample: suppose M = 4, n. = 2, and consider the formula

a[z] =2 A a[s*(z)] = 1 A a[s*(z)] = 2
It can be seen as the tuple:
(27 ) ]-7 27 _)x

In order to improve the readability, the latter notation will be used most of the
time, using implicitly the one-to-one correspondence.
At alogic level, (2, —, 1, 2, —), is equivalent to

(2, 1,1, 2, 1)y v
(2, 1, 1, 2, 2),
(2, 2,1, 2, 1),
(2, 2,1, 2, 2),

This operation can be done for every K;, obtaining a disjunction of total func-
tions having same domain and same codomain.
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Let M be any model of A. Given an index 4, by the semantic of the disjunc-
tion there exists a Cy, & (eq, €1, ..., epr) such that

M ': (60, €1, ...,€M)7;

Given i + 1, there exists a Cy = (e, €], ..., €),) such that

M ': (667 6/17 ) e/M)i+1

and such that
<61762-~-76M) = (6656/17"'76]\471) (T)

Since this reasoning applies for every model and for every index, we can deduce
the following rule:

8a. Given a tuple (eg, e1,...,ear), if there is no tuple (eg, e}, ..., €),) such that
(e1,ea...,enr) = (eh,€q, -y €hy_q), then the tuple (eg,eq,...,en) can be
removed.

After having applied this rule exhaustively, there are two scenarios:
e Every tuple has been removed. The algorithm gives an unsat output.

e Some tuples remain. This means that there exists a cycle: given any
tuple Cy,, there exists Cj, such that they satisfy the property (f). For
C,, there exists Cy, such that they satisfy the property (f), and so on,
until a C, is repeated. Following the cycle, it is easy to construct a model.
The algorithm gives a sat output.

8.2.2 General case
Now, consider the case where A is in CNF
A = VYaDi A - AVxD,y
and every Dy is of the form
a[s"’“(l)(:v)] = epa)V-- -va[s”’“(m"‘)(x)] = Ch(my) V s"k’(l)(x) =Cp(1) V'V S”k’(mk’)(ac) = Cli(my)
with ng (i) < ng(j) and ng (i) < ng (§) for @ < 4.
Since the quantifier is distributed over every Dy, we can apply the following

rule:

6b. Given Dy, let dj, := —min(ng(1),n4(1)). Replace every s™() with
s (D+de and every s™ () with s™ (D+ds
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Let’s transform the formula into DNF:

A= Ve(Cyv---v(Cy)
and remove subformulas equivalent to L (rule 7)).

Every remaining Cj, has the form
a[s™ M (z)] = epyA- Aafs™ ) ()] = Ch(mp) A s M () = Crr(1) Ame A g™ (M) () = Ch(my)

where ng (i) # ni(j) for every i # j. Note that the same does not necessarily
hold for every ng (i) and ng (5).

Let M := max max(ng (i), ng (7).

k,i

Let Const be the set containing every constant that appears in the formula
A. Given a Cy, it is possible to construct a one-to-one correspondence between
C and a partial function having domain {0,1,--- , M} and codomain the set
{1,2,...,n.} X P(Const).

Ezample: suppose M = 3, n, = 2, Const = {¢,¢,c"} and consider the
formula
afr] =2na[s*(x)] =1 ra[s*(@)] =2Ax=crs(z)=c AsP(x)=cnrns®(a)=C
It can be seen as the (2,M+1)-matrix:

<{§} {C_’} ? {0,26’}>z

which is logically equivalent to
{c} {} @ {cc}
2 1 1 2 )7
{c} {¢} @ {cc}
2 2 1 2 N

This corrispondence is not expressive enough. In fact, note that the i-th
entry of the first row of a matrix is expressing that s*(z) has to be equal to at
least the constants in the entry. Indeed, s'(x) = ¢ A s'(x) = ¢/ does not implies
that st(z) # ¢”.

In order to avoid this ambiguity, let’s replace a matrix with the logically
equivalent disjunction of matrices such that every i-th entry of the first row
expresses exactly the set of the constants that s?(x) is equal to.
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Ezample: suppose M = 1, n, = 2, Const = {¢,¢'} and consider the for-
mula
alz] =2 A al[s(x)] =1 A s(z)=¢
We have that s(z) = c is logically equivalent to (s(z) = ¢’
¢ A s(z) # ¢) and there are no conditions on z, i.e. (x
crnz#Ed)v(@#Eenz=d)v(@Ftena #)
Hence the formula is expressible by:

(o) {cl/}>$ o ()

<{;/} {i’/}>w y <{;}/ {0,10’}/>1 g
<{62} {01})1 9 ({;} {6716}>x g

G W), G,

where the ¢ — th entry of the first column of each matrix express exactly which
constants s*(x) is equal to.

s(x) =) v (s(z) =
crx=d)v (z=

>

Let M be any model of A. Given an index i, by the semantic of the disjunc-

tion there exists a C), = (SO o SM) such that
€o e em
So - Sy
e -]
. . . (S, - Sy
Given i + 1, there exists a Cpy = | ; such that
60 e eM i1
St ... g
mp (309
0 M/ i+
and such that
S1 Sy -+ Su Sy ST e S
“\ e roo (f)
€1 €9 EN 60 61 erl

Since this reasoning applies for every model and for every index, we can de-
duce the following rule:

e L ’
8b. Given a matrix (SO SM), if there is no matrix <S,O S,M>
eO DR eM eO .. e]\/[
. (So - Su
such that { holds, then the matrix . . can be removed.
0o €M
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If, after having applied this rule exhaustively, every matrix has been re-
moved, the algorithm gives an unsat output.

Otherwise, consider all the cycles, i.e. sequences of the form Cy, Cy, ...,C,
such that C; and C;; satisfy the property (}) for every i € {0,--- ,n — 1} and
C,, and Cj satisfy it too. If there exists a model, it should be formed by one of
these cycles (with an abuse of notation, we could identify the model with the
cycle it is obtained from).

If we show that it is possible to find a bound, i.e. it is possible to effectively
compute a natural number d such that if there exists a model then there exists
a model having dimension < d, then we are done.

So -+ Sy
60 ... eM
So =81 =-- =8y = 3. Otherwise we say it is a matriz with constants.

We say that a matrix ( > is a matriz without constants if

We say that a cycle C is a power of a cycle C’ if C can be obtained through
finitely many concatenations of Cﬂ

Consider a cycle

C:COvCh"' aCn

Observe that if it contains a repetition of a matrix with constants, say C; = Cj,
then, in order to led to a consistent model, C must be a power of

¢ =0C;,Citr, - ,Cj1,Cj

So let’s consider only cycles without repetitions of matrices with constants.
What about repetitions of matrices without constants? Suppose that C
has a repetition of a matrix without constants, say C; = C;. If the subcycle
Cit1,-+-,C; does not includes a matrix with constants, we can consider the
cycle
C"=Cop,-++,Ci21,C,Cj11,Clya, -+ Oy

obtained by removing the subcycle Cjy1,---,Cj. If C forms a model, then C”
forms a model too, since in the removed subcycle no constants appear.

Thus, between the repetition of a matrix without constants there should
be at least a matrix with constants. Since every matrix with constants cannot
appear more than one time, then every matrix without constants can appear at
most m times, with m be the number of matrices with constants. Hence, we
found a bound.

"Note that we are implicitly considering Co,C1,---,Chp and
Ci,Ciy1,-++,Cpn,Co,C1,---,Ci_1 to be the same object.
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8.3 Handling constants

Let’s consider a formula of the form
JyVz A

As done in the section 7.2, the existential quantifiers can be skolemized. In
order to deal with these new constants, in particular with literals of the form
x = s"(c), we can introduce new arrays.

Let ¢ be a constant and let n be the maximal number such that s™(c) appears
in A. We check all the possible models having dimension < n. If no model is
found, we know that it is not possible that s™(¢) = s™ (¢) with m # m’ (with
m,m’ < n).

Introduce the array symbol b having values in {—1,0,1,--- ,n}. We should
think of b[z] = j as z = s%(c) for j € {0,--- ,n}, and b[z] = —lasx #cArx #
s(e) Ao A £ 8™().

Note that this new elements —1,--- ,n must satisfy the following relations:

- Ya1Vae(blzl] = b[22] > —1 — 1 = x2)
- Ya(n > blz] > —1 — b[s(z)] = b[z] + 1)
- Jzb[z] =0

where the symbol > is just a synthetic way to express all the cases. These
realtions are constraints that a formula must satisfy in order to be consistent.

We can do so for every constant, since having a finite number of arrays
is the same as having an array with values in the cartesian product.

If we have the array a having values in E, = {e1,---,e,.} and the array
b having values in F, = {—1,0,1,--- ,n}, we introduce a new array a having
values in the cartesian product E, x Ej.

More precisely, every literal of the form a[z] = e; is replaced by \/,_p, a[z] =
(ej,1) and every literal of the form b[x] = i is replaced by /¢, alz] = (e;,%).
If there are many constants, this procedure is applied as many times.

Having showed this transformation, when dealing with constants we can use
only an array a and a set of elements F, = {e1,--- ,e,,}, keeping in mind that
the meaning of a has changed, and that the constraints written above must be
added to the formula of which we are testing the satisfiability.
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8.4 Some observations on the general case with many uni-
versal quantifiers

Note: this section is a work in progress and still need some improvements.

Consider the case with more quantifiers. Suppose we have a formula of the
form
JyVz A

where x = Ty, 521 and A is a formula without quantifiers.

The existential quantifiers can be skolemized. We have two slightly different
ways to deal with the new constants. The first is applying the tactic used in
section while the second is using the transformation introduced in the
previous section [8:3] In the following we will use the latter, which has the ad-
vantage of allowing a cleaner notation. However, with a little ingenuity it will
be clear that the first method works as well.

Apply plus the following rules:

e alt;(x;)] = a[tj(x;)] is replaced by

\ alti(@)] = ex A alt(z;)] = ex

1<k<ne
o aft;(z;)] # a[t;(z;)] is replaced by

\  alti@)] = ex A aft;(a;)] = ex
1<k,k'<ne.
k#k'
Write A in CNF distributing the quantifiers over the conjunctions:
A = VaDy A - AVzD,
and apply and [3] plus a new rule:
4c¢. If there is a Dy, of the form

D, = (s"(xi)#x; v @)
replace Vz; Dy with ¢(s™(x;)/x;)

Let’s apply:
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6c. Given Dy, let dj, := min {n | s appears in D,}. Replace every s™() with
gk (D) —dx

Now transform A into DNF":

A =Vz(Cyv---v(Cy)
and remove subformulas equivalent to L (rule 7).

The remaining atoms are of the form a[s™(z;)] = e; or of the form s™ (z;) =
s™(z;). The latters can be replaced by z; = s™7 " (x;) if ng = nq, or by
sMT2 (x;) = x; if ng < ny.

Every C} can be written as
Cr = Cray A ANCrg, A Crp

where:

- Each Cf, (shortening: Cj ;) is the conjunction of all the formulas con-

taining only the variable z;, i.e. the ones of the form a[s"(z;)] = ¢;
(remember we got rid of atoms of the form s"(x;) = x; by applying rule
2).

Define Cj, 1 := Cir1 A -+ A Ck7nq~

- C, g is the conjunction of all the formulas containing two index variables,
i.e. the equalities of the form s"(z;) = z;.

Let’s for a moment analyze Cj r. We would like to write it in a nice and
treatable form. For example, if it contains both the formulas s?(z;) = 2o and
s*(x9) = x3, we would like to substitute the latter with s®(z;) = z3. Let’s
consider the weighted directed graph G given by:

o V={1,...,n4}
o A={(:,7) | s™i(z;) = x; appears in Cy g}
e w(i,j) = ny; for all (4,5) € A. Notation: ¢ L»] or j —"4, §. Moreover,
forall i e V w(i,i) = 0.
Note that by using this definition we are assuming that the graph is not a multi-
graph. This assumption is not yet properly justified, but it will be treated later.
Apply the following algorithm.
Algorithm ”G”: For every i, j,k € V such that i mj and j RELNy 3

Nij+Njk

- If there is no edge (i,k) € A, add i k to G.

- If there is an edge i —£> k, check if ng, = ni; + nji. If yes, proceed to
another triple. If no, terminate and return as output |n;, — (n:; + njx)|-
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When the the algorithm has visited every triple without terminating, it
returns as output G.

Apply the following rule:
9. Run Algorithm "G”.

- If it returns a positive integer, it means that G contains a non-zero

sum cycle

ni2 . N23 Nim—-1)m . Nom1 -
1] —> Iy —> - m 11

Returning to the logic notation, this means that x;, = s%(z;, ), where
d=mni12+--+nm,1. Hence, a model of C} has to have dimension < d.
The algorithm tests these finitely many candidate models, and if the
output is unsat, C} is replaced by L and the algorithm proceeds.

- If it returns G, every cycle is zero sum. For every (weakly) connected
components K of G, there exists at least one vertex (say rx) having
no positive ingoing arcs.

Replace Ci g by A (Aick V5D (2,0 ) = 24)

Note: above we assumed that the graph is not a multigraph. Actually, it could
be, but there are only two cases when that happens: either there is repeated
atom s™(x;) = x; (and then one of the copies can be removed), or there are two
atoms of the form s™ (z;) = x; and s"?(z;) = x; with n; # ne. This case is
analogous to the one where Algorithm ”G” returns a positive integer (|n; —naz|).

Now, let M :=max {n | s" appears in A}.

Every Cj can be seen as the pair (Ck,1, Cr g), and Cy 1 can be seen as a
ng-tuple of partial functions having domain {0,1,--- , M} and codomain the set
of the elements {1,2,...,n.}.

Ezample: suppose M = 3, n. = 2, n, = 3 and consider the formula

a[z1] =2 A als(z1)] =1 A a[s*(x1)] = 1A
[22] = 1 A a[s(z2)] =1 A a[s?(22)] =1 A afs3(22)] =1 A
a[s(z3)] = 2 A a[s*(z3)] = 2 A a[s>(23)] =2 A

S

It can be seen as:

[ )
[N
[N



which is logically equivalent to the disjunction of ” full” formulas

2 1 1 1 2 11 2 —
1 1 1 1|8 z1) | v 1 1 1 1|8*x) | v
1 2 2 2 — 1 2 2 2

211 2 —
x1) | v 1 1 1 1/|s*x1)
2 2 2 2

—~

2 1 1 1
1 1 1 1/|s?
2 2 2 2 —

Note that there are inconsistent formulas, like the two on the right. In fact,
a[s*(x1)] = 2ra[s?(x2)] = 1 As?(x1) = 7o implies a[s*(z1)] = 2Aa[s*(z1)] = 1.

Now consider the set F containing all the formulas C' such that C7 is full,
i.e. for every i € {1,--- ,n,} and for every n € {0,--- , M}, then C contains the
term a[s™(z;)]. Remove from F the formulas that are inconsistent with A. The
remaining formluas are called mosaics.

Consider all the cycles Cy,Cy,- -+ ,Cy,Cy of formulas in F such that for
every i = 0,--- ,n and C; and C;y1 of the fornﬁ

€10 €11 te e1M ~

C; = €20 €21 €om |

enqo enql eon ~
€0 € € |~
Civ1 = 6/20 6/21 o N
G;qu e;qu egqu ~

it holds that
(6117612""611\/[) = (6/1076/117"'76/1(M—1)) (T)

In order to prove the decidability, it suffices to apply the reasoning of section
B:2:2] that shows a bound for the length of these cycles.

Wanting to sketch a more detailed algorithm, we could use the following
argument.

Given a cycle, and given the permutation o; that exchanges 7 and 1, i.e.
1 ifj=4
o:(j):=<%1i ifj=1 , every formula in the cycl
j otherwise

8Here, ~ means that the entry can be empty or not

9By o(¢) we indicate the formula obtained from ¢ by replacing simultaneously every oc-
currence of z; with z, ;)
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0i(Co),0:(Cy), - ,0:(Cp),0:;(Cy) should be contained in F.

Indeed, if the cycle Cy,Cq,---
that there exists an instance j = (ji,- -

M = Co(j)
M = Ci((j1 + 1, j2, -+

M ': Cn((jl +naj2a' o

Given the instance

it must hold that

M = ai(Co)(oi(4))
M = oi(C1)(jiy Jo, - - -

M ': Ui(cl)(jiana e

, O, is consistent with a model M, it means

Jz(l) = (ji7j27 t

aji—l?.jl + 1aji+17"'

yJim1,J1 + My Jig1, e

CJi—15J15 Jit1s

ajnq))

Jng))

,jn,) of z such that

 Jng)

»Jng))

 Jng))

This implies that if a formula C' is in F but there exists ¢ such that ¢;(C) is
not in F, then C' cannot be contained in any consistent cycle, hence it can be

removed from F.

After that, every remaining cycle Cop,Cy, - -
{2,--- ,ng}, also the cycle 0;(Cy), 0;(Ch), - - -

,C,, is such that for every i €

,0:(Cy),0:(Co) remained.

Hence, for every remaning cycle there is a permuted cycle for every direction

i=1,2,-- ,n,

Ezample. Let ny = 2 and M = 2. Suppose we found the cycle

1 2
1 2

For o2 we have an other cycle

1 2
1 2

~

~

~

~

)
)

2 3
1 2

1 2
2 3

~

~

~

~

) (
)
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We can see these cycles as sides of a square (in the general case, of a ng-cube):

2 3|~ 3 1|~ 1 2|~
"1 2|~ )1 2|~ )\ 1 2|~

14

¢

7 N 7 N N

7 N\
_ =W N =
NN =N W NN
[
N———

7N

and then check if the new formulas included in its completition (below in
italics) belong to F.

DR N W NN
¢
N WL v N

[T O S O S R
14

W R Wy NN
¢
N N N

~ N W N Y N e

~N W W B W

VLW N W W MW
14

NP P A

ST N T N T NN

S~ N 7 N7 NN

— = W = N =
14

N—— N N~

T N N NN

If there is a new formula not in F, the cycle is discarded. If there is any
formula C' (new or old) such that C'r does not match with its position in the
r. .. . 2 —

hypercube (e.g. if in the position (0, 1) there is the formula ( 1 g §2(x1) ) )

1

then the cycle is discarded. If every cycle is discarded, the algorithm terminates

with an unsat output; otherwise if a cycle is not discarded, it defines a model
and the algorithm terminates with a sat output.
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